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"Design, characteristics of tapered and face gears in mesh with 

Cylindrical pinions 


A thesis submitted 

in partial fulfilment of the requirements 
for the Degree of 
DOCTOR OR fflILOSOPHY 
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BIJERDRA SIRGH BHJfflOBIA 
to the 

DEPAR'MENT OP MECHANICAL EKGIHEEEING 
IICDIAM IHSTIOT'JE OP lECHNOLOGY, ICfiNHJR. 
AJGDST , 1973. 

ABSTRACT 


The tapered gears mating with cylindrical involute helicoid 
pinion mounted on skew shafts axe considered in this work. The 
equation of contact, the equation of contact line, the equation 
of the surface of action end tho equation of conjugate tooth 
surfruce of tapered ge^rs ha.s been developed. The discussion 
here includes the f.acG width limitations and other design parameters 
like pressure ;.aigle,. blank ohaj:ie, contact ratios, norrp.al cuivatures, 
contact localization contact stress aiid the surface durability rating. 
Cases of on-center spur and spiral face gears, off-set spur a,nd 
spiral face gears and on-center spur and spiral tapered gears a,re 
considered as special cases of tapered gears. 



CHAPTER 1 


INTRODHCTIOII 

Geai'3 transmit motion and energy from one shaft to another. 
Selection of gears to perform a desired function depends on the 
relative disposition of the axes, geometry of the tooth profile, 
demands on efficiency, load carrying capacity, restriction on space 
and nature of environment. The knowledge of theory of gearing is 
necessary to nave a clear understanding of the geometry of teeth, 
kinematics and dynamics of geax teeth in action. 

1 . 1 The tapered gear 

A tapered gear meshes with either a cylindrical or a tapered 
pinion. In theory, the pinion may have any tooth profile so long as 
a covijugate tooth profile is achieved on the gear. The axes of the 
gear and pinion may he either intersecting or skew. The shaft angle 
may he anything, from 0° to 9^° soi internal gear and from 90 ° to 

”l 

180° for an external gear. The hviro limiting ca'^os , cl zero degree 
and 180 degrees are familiar internal and external cylindrical gears 
mounted on parallel shafts when the pinion is cylindrical. The gear 
tooth may he spur or spiral depending on whether the pinion is spur 
or helical [1 ] . The face gear is a particular ca,se of the tapered 
gear when the angle between the shaft axes is 90 degrees. In the 

1 Here, the shaft angle of 180° corresponds to exte;.’„al gear due 
to the particular choice of the co-ordinate syster; . 
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present dissertation discussions are confined to spiral and spur tapered 
and face gears in mesh v;ith cylindrical involute pinions. 

1.2 Methods of manufacture 

The pinion, being a conventional involute spur or helical gear, 
can be manufactured on a hobbing machine or on a gear shaper. The 
tapered gear is generated on a gear shaper. A special fixture is used 
to mount the blank at the required axis-disposition and to impart the 
necessary generating motion. The same shaper cutter can be used to 
produce both the gear and the pinion. 

1 .3 Advantages of tapered gears 

In comparison with other gears, tapered gears have the following 
advantages [l] [2'] s 

1 Cutting of the pinion of a tapered gear set requires no special 
operations or equipment. The tapered member requires some 
special fixture on the gear shaper. But, the cost of cutting 
operation itself is comparable to that of a cylindrical gear 

of the saDie size and module. 

2 The pinion of a tapered gear set can be adjusted axially while 
assembling without ai'fecting contact or backlash. Thus only 
one assembly parameter has to be maintained accurately against 
three parameters for a bevel gear. There is no axial thrust 
in the pinion bearings in case of spur tapeied gear. 

5 Generation is positive with no trial and errer settings required 

to obtain the conjugate profile. 



4 Oi’f-set gears are produced on the same machine and with the 

seme cutter as used to generate on-center gears. Furthermore, 
the cost of production is not increased hy changing from on- 
center to hypo id gears. 

T1i 3 follovang are the dis.alvaitagos of tapered gears ? 

1 'The face width of a tapered gear is limited hy pointing and 
undercutting of teeth. For sore conbinations of the 
independent design parameters the gear width may be so small 
that the tapered gear cannot be used. 

2 Shaper cutters for tapered gears aro usaally less versatile 
than the cutter blades used to produce conventional gears [2]. 

1.4 Pcactioal applications 

Face gears have been commercially manufactured for many years. 
They have been used in textile machinary, truck engines, govemor 
drives, power mower transmissions and gear cutting machinery [ 2 ] . 

The use of tapered gears, in general, has not been as wide spread as 
their practicability warraats. 

1.5 Review of existing work 

A gear designer, in general, faces problems associated with 
the follovfing z 

1 Geometry cor si derations - selection of the tooth profile from 

the point of view of (a) ease in manufactur?, (b) inspection 
and (c) sensitivity of the performance dep :,ding upon the 


assembly parameters 
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2 Load considerations - choice of the independent design parameters 

to perform a given function. 

Some information is evailahle about the geometry of tapered 
and face gears. Face gears have been introduced and developed by the 
Fellows Gear Shaper Co. of TJ.S.A. One of the earliest publications 
in this field is by Blocafield [5] • 3® devised a geometrical method 

to find the liifiiting dimensions of these gears. Bloomfield obtained 
the data for on'-center face gears and presented it in the form of 
alignment charts [4] . Lhe conclusions (in [3] ) regarding the nature 
of the pitch surface of the hypoid face gear have been found not to 
conform to the laws of gearing [5] • Anadytical investigations on face 
gears have been performed by Buckingham [6] . His method lacked 
generality and the proposed procedure had to be repeated for every new 
type of gear set. 

The work of Sanborn and Bloomfield [1] in the field of tapered 
gears made important contributions. The ^thors have jpointed out the 
effect of shaft angle on the faco width of spur tapered gears. The 
effect of off-sets on the blanlcs of these gears is discussed in 
reference [1] . 0 Liier notable contributions in this field are by 

Vector Silvagi [2] u-d Bloomfield [7] • 

.. in analytical investigation on on-center spur tapered gear 

and face gear has been presented by Litvin [8] . Hie kinematic method 
discussed by Litvin is a developed version of the mernods given by 
Goohman [9] and Kolchin [10] . in analysis of on-cei ;er spur face 
gears in mesh with involute spur pinion is given in '1 ] . Studies on 
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hypoid face gears meshing with involute spar pinions have been reported 
in [12] . A detailed analysis of on-center tapered, hypoid tapered and 
face gears in mesh with cylindrical involute pinions is given in [5] • 
This woiic contains studies on the pointing and •undercutting of gear 
teeth, variation of pressure angle and determination of contact ratio. 

In reference [5] » fhc contact ratio of face gears is found using the 
method suggested in [ 15 ] . 

Very fev authors has.’^e reported regarding the load considerations 
of the tapered and face gears. Some information about the surface 
durability ratings of the on-center spur face gears is available in 
reference [14] . The determination of the surface durability rating of 
spatial gears is a complicated task. Some of the important factors 
influencing the surface durability rating are given below i 

1. Material characteristics of the pinion and gear 

2. Reduced principal curva-tures at points of contact 

5. Pressure angle at contact points 

4. DynamLo load factor 

5* Contact ratio. 

Much investigation has been done to evaluate the curvature of 
the tooth surface at points of contact [l^.] [16] [17 ] [18] [8] . The 
method given by li-tvin [ 17 ] is used in the present dissertation to 
find the reduced normal curva'fcures at points of contact, 

1 .6 Objectives and scope of the present ■work 

Hypoid tapered gears in mesh with cylindrical involute helical 
pinions are analysed in this dissertation. Off -set .'iud on-center face 
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geaxs and on-center tapered gears are particular cases of the tapered 
gears considered. 

The follov/ing results are obtained in this vrork ; 

For tapered gears s 

1 The equation of conjugate gear tooth profile of the gear. 

2 The equation of addendum surface of the gear blank 

3 Equations gcweming pointing and undercutting of the gear 
teeth 

4 Formiilas to calculate the princiijal curvatures of the 
gear tooth surface 

5 A general method to find the pressure angle in mechanisms 
having point or line contacts. This method is applied to 
tapered gears 

6 The method to find the contact ratio in spatial gearing. 
This method is illustrated by an example. 

For spur face gears with localized contact : 

7 Formula;; to investigate the contact localization 

0 Equations for finding contact spot, contact zone and 
contact stress 

9 A general formula to find the surface durability ratings 
of spatial gears having point contact 
10 Formulas to find the surface durability rating of a face 


gear 
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11 Study of the effects of the independent design parameters 
on surface durability rating. 

1 .7 Presentation of contents 

in equation of contact is derived using the condition that at the 
contact point the common normal and the relative velocity vector are 
perpendicular to each other. Using this condition contact lines, surface 
of action and conjugate btooth profile of the gear are found in chapter 2 
The shape and size of the gear blank depends upon the independent 
parameters of meshing. Transmission ratio or velocity ratio, ^aft 
angle, helix angle, pressure angle, off-set and the number of teeth 
in the pinion or cutter are considered as the independent parameters. 

A formula for the optional shape of the tapered gear blank is derived 
in chapter 2 . The limiting dimensions to avoid undercutting and pointir 
of teeth and principal curvatures of gear surface are discussed in the 
sane chapter. 

A Idnematic method to find the pressure angle in mechanisms havi; 
line or point contacts is discussed in chapter 5* method has been 

applied to find the pressure angles in tapei?ed gear set, 

A method based on elementary set theory is developed in chapter 4 
to simplify the computation of contact ratios in space gear mechanisms. 

Contact localization, contact spot, contact zone, contact stress 
and surface durability rating of spur face gear set are discussed in 


chapter 5 
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Finally, in chapter 6, exai)}ple problems are given to illustrate 
the use of the formulas developed in the prAvious chapters. The 
effect of independent design parameters on surface durability rating 
is discussed in the same chapter, 0?he discussions and conclusions 
are also presented in chapter 6. 



CHAPTER 2 


MAIYSIS OP TAPERED SEARS 


The equations developed in this chapter, unless otherwise 
stated, are applicable to any type of tapered gear. Ihe equations 
are expressed in a general foim. The use of these equations in 
special oases of tapered gears is given in Chapter 5. 

2.1 Conjugate Action of Sear Tooth Surface 

Two surfaces are conjiigate if each generates or envelops 
the other xmder a specified relative motion. Thus, if a tooth 
surface of one gear is rigid and the mating tooth of 1±ie second gear 
is of a plastically deformable material, the specified relative 
motion will produce tooth of the second gear which is conjugate to 
the tooth surface of the first. 

At any instant, conjtigate surfaces have a line of contact 
which is the locus of all points of contact at that instant. 

At any point of contact, the surfaces must have a common 
normal. As surfaces are not digging in each other or coming out 
of contact at the next instant, the component of the relative 
velocity vector in the normal direction [5] [8] is zero. This is 
the basic requirement for gear tooth contact. Thus, the relative 
velocity vector is perpendicular to the common normal and lies on 
the tangential plane. 




FI6.1 COORDINATE SYSTEM AND SCREW AXIS 
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In the process of meshijig, Ihe line of contact describes 
a surface in fixed space, called the surface of action* 

The locus of the line of contact in the co-ordinate system 
of gear is the con;]ugate tooth surface of the pinion. 

In this chapter, an investigation is made on the limitations 
of the face width, the pressure angle in mesh, the contact ratio and 
the curvatures at points of contact. The derivations will be used 
to find the instantaneous contact spots, contact zone, relative 
curvatures and the various effects of contact localization in case 
of spur face gears. 

The profile of the pinion or cutter is described with 
reference to a set, s^ , of rectangular cartesian axes (x^,y^,z^) 
which rotate with the pinion or cutter, where z^ axis coincides 
with the axis of rotation [ligure 1 ] . There is a similar set 

for the gear. The set )'' is stationary 

in space and coincides with Q’t some particular position. 

The angle of rotation of the i^^ gear measured from this position is 
denoted by and the angular velocitjr d^^^/dt, by Axes 

x^ and Xg are chosen along the common perpendicular to the axes 
of rotations, length of common perpendicular between 

the two axes, is the. .off-set 'a'. The angle between the axes, z^ 
axis and the projection, of axis on y.j- plane, is denoted 

by 1 {Figure 1 ] . 

1 

for pinion, i = 1 and for gear, i = 2. 
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2 . 2 _ Relative Yelocity Vector, Screw Axis and Pitch Surfaces 

In this section, equations governing the relative velocity 
vector, the screw axis and the pitch surfaces are presented. More 
detailed developmaat of these equation is given in [ 5 ] . These 

will be needed in subsequent analysis. It will be assumed that 
(i) the transmission ratio is constant and (ii) the shaft angle 
'S' and the hypoid eccentric i1y 'a' are known. 

—1 2 

Relative velocity vector, , at any point R^ on the 

pinion tooth with respect to the coinciding point on the gear is 

the difference between the instantaneovis absolute velocities at 

* 

this point. Thus 

■ - S = Si X 5l - t?2 X El * A X Bj) 

Where and angular velocity vectors of the rotation 

of the pinion and the gear respectively. A is the position vector 
of the origin 0 ^ system in system [Pigure 1 3 . It can be 

transformed to the rotating co-ordinate system, , using transformation 
matrix and can be written as 

\ 

""-[7^(1-12^02) + i2i SE Cdj + a ±21 Cl S(J)p] 

[Xj(l - 121^2) + Zq i2i SI S - a i2i C 2 C i^q] > 

[121 SE (XjC ^3^ - yq S + a)] 

The expressions for the transformation matrices are given in Appendix I. 
Screw axis of the relative motion is the axis along which vectors 
V ^ and are collinear [ 5 ] [8] . Thus along this axis , 
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-12 

~12 ^ ~l “ ® ’ vihere relative axigular velocity vector. 

Ihe position and orientation of the screw axis are given by 
the following expressions 


X 


1 



^^21 - ^^^^21 

1 - 2 iji a . 4 



^21 


SI 




A 

lead, p , of the screw is given by 


2.2 


1 - 2 i2i C2 + ill 

Pitch surfaces of pinion and gear are defined as the loci of the 
screw axis in their respective co-ordinate systems-, Eransfoiming 
equation (2.2) to the co-ordinate system and eliminating 
from the res-ulting equations, we get pitch surface of the pinion as 







2.4 


where 


C = a 


(i22-CI)i22 


and D = 


^21 


SI 


1-2 i22 Cl + i 


21 


1— Cl 


Similarly, we get pitch surface of the gear as 


- F“ z 


2 ,2 ^ ,.2 


E = 


aCl-i2i Cl) 


SI 


and F = 


1-2 r, 1+ it. 


i-. - Cl 


2.5 
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Equations (2.4) and (2.5) represent hyperboloids of 
revolution. The lead of the screw can be zero only in the follow- 
ing cases: (i) S = 0 or it and (i.i) a = 0 . They correspond 
to gears having parallel and intersecting axes respectively. 

Eor these cases, the relative velocity will be zero on the screw 
axis. The pitch surfaces will be in pure rolling. Purther, it may 
be seen from equations (2.4) and (2.5) that corresponding pitch 
surfaces are either cylinders or cones. 

It should be noted that pitch stirfaces do not depend on the 
type of the tooth profile but only on the relative disposition of 
shafts and their specified relative motion. 

The pitch surface is generally used as a basis for designing 
gear blank. Thus conical blanks are used for bevel gears and 
cylindrical blanks for spur and helical gears. When this is not 
done, practical disadvantages like pointed teeth or under cutting 
may become apparent. In the case of tapered gears since the gear 
teeth are not positioned more or less symmetrically arovmd the pitch 
surfaces, these disadvanbages are inherent in the gears under 
consideration. 

2.3 Tooth surfaces of the cutter and the pinion. 

Tooth surfaces of the pinion and the cutter are needed for 
subsequent development of the conjugate tooth surface on the gear. 

It may be noted that tapered and face gears the number of teeth 
of the cutter may be different from that of the pinion. Basically 
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both the tooth surfaces are involute helicoid the spur gear being 
a special case when the helix angle is equal to zero. 

An involute helicoid is the surface generated by the helical 

motion of an involute curve about the axis of the base cylinder 

Pigire 2. To non-dimensionalize all quantities with respect to the 

radius of the base cylinder of pinion, the radius of the base 

cylinder is taken to be' unity. The equation of the pinion surface 
1 

can be written ao [ 5][11 ] 

Rl(0j^,X) = [{S0^ - 0* C 0,^}, - {C0J, + 0g S 0j^}, X]^; k = U,L 2.6 

where 0 * = 0 j^ - X tan 3 + , 

3 ^ (2n+l)ir/2 ^ n = 0,1, 2, 3,... 

3 is the helix angle on base cylinder, 

0 j^,X are the parameters of tbe surface, 
and is the semi space-width angle. 

The upper and lower signs respectively correspond to the 
surfaces U and I in Figure 2. 

In general, equation (2.6) represents an involute helicoid. 
The surface of a straight tooth pinion can be obtained by substitu- 
ting 3=0 in this eqi;iation. 

The tooth surface of the pinion will be identical to that 
of the cutter if the number of teeth, the pressure angle and the 

Subscript 1 corresponds to the surface of gear cutter/pinion 
in this case. 


1 
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correction factor are the same. Otherwise, the tooth surface of 
the former can be obtained from -the following equation 

S-i = - Qk ^ ®k>, -{C0 + S 0k}, 

2.7 


where, 


and 


®k ~ ®k “ ^ 

^ol " ^j/Zq 
Tij = tt/ZZ^ - iny a 


2 K 


Is 


Is 


tan a, 

1 is 


ilo get the semi space width angle of the cutter, subscript M ' 
should be replaced by the subscript 'O'. 


In the case of standard cutters and pinions g =0 and 

Os 

0 respectively. 

The normal vector to any surface, = R^ (0,X), is given 

9Ri 9Ri 
, W "I- 

“y ~ ~ ^ "ix"" * 0 ^ Si'S -the parameters of the 

surface. In the case of involute helicoid surface, it can be 
written as n 


Si = J-ei! c e,,, - a* s 9^, tan e]’’ 

So the unit normal vector is 


2.8 


- S 0k eg, Sg]'*’ 


= [-C 0k eg , 


2.9 
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2.4- The conjugate tooth profile. 

Some of the methods to determine the equation of contact 
and subsequently, the conjugate tooth profile are mentioned below: 

1 . The classical differential geometry method 

2. The method of Gokhman [9] 

3. The kinematic method [8] 

In the present disertation, the kinematic method is used. 

The conjugate tooth profile of the meshing gear can be 
found by transforming the contact lines to the co-ordinate system 
of the gear. Hence, at the outset, contact lines on the pinion 
are to be found. In order that- a point on the tooth surface of 
the pinion be a contact point, certain conditions must be satisfied. 
The conditions can be obtained by the following considerations. 

let tooth surfaces £.| and Ig > while moving in space 
relative to each other, make contact at the point P at any 
instant and let Y. be the relative velocity vector of the two 
surfaces at the point P. Tbr conjugate action this vector must 
lie on the common t^angent plane through P. Otherwise surfaces will 
be either digging in or coming out of contact at the next instant 
[5] Is] [18] [19] feo] . In other words, if is the common 

normal, then vectors and H., will be mutually perpendicular. 

Or 

Vp ♦ Ni = 0 ■ 2.10 
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The above condition results in a mathematical expression 
relating different parameters. This is knom as the equation of 
contact and is given as 

fCe^x^^i) = 0 (2.11) 

X are parameters of the pinion surface and 4^^ is the 
parameter of motion of the surface 

It is seen that the equation of contact gives the condition 
which must be satisfied by the parameters at all contact points. 

This is the fundamental requirement for the gear tooth contact. 

As the contact point lies on the tooth surface the condition given 
in equation (2.II) must be satisfied at this point. The contact 
point is found from equations (2.6) and (2.II) by eliminating one 
of the two independent parameters, 9 or X • Thus we get the 
equation of a. space curve which is the contact line for the angle of 
rotation 4^. By eliminating X ffom equations (2.6) and (2.II), 
the equation of the contact line is obtained in the form , 

” Sac 

The locus of the lines of contact in the co-ordinate system 
Sg of the gear gives the conjugate gear tooth surface. The 
conjugate surface Eg of the gear can thus be found by transforming 
R„ to the co-ordinate system S„, using the relation R2= Rp(G>(})i ) = 
®21 ‘^£0 ' Qqi transformation matrix. 
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2.5 G©heral equation of contact for tapered gears. 

Let the cutter be of involute helicoid form. Ihe angle 
between the axes of the cutter and the gear is E and the eccentricity 
is 'a'. The equation of contact is obtained from equations (2.1 ), 
(2.8) and (2.10). After simplification the equation of contact 
talces the form 


X i 2 iSEM},sec 2 B - [l-i^j^CZ-a i2iCZ5?^ - i 2 jSE tan 3(S4q^-(0j^?n)C'i>j^+a)3=O 

2.12 

It can also be v/ritten as f = f(6,X,<j)^ ) where, = ©j^ + ; k = U,L. 

Equation (2. 12) is the general equation of contact for' 
the hypoid tapered gears in mesh with the involute helicoid pinions. 

This eq'H.ation has been derived earlier in a different form [ 5 ] • 

Eor the external spur gear set, 3 = 0 and S a tt . The 
equation of contact in this case takes the form 

E = -(1 t l2i)/i2i a 2.15 

Eor involute helicoid worm gear set E = it/2 and g 0 , 
the equation of contact is 

i 2 i X C = 1 - i 2 q tan 3Cxj_ + a) 

Similar expressions were derived previously by Kolchin [lO].and 
Palit [21] following the method of Gochman [9] 
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2.6 Contact line, surface of action and the conjugate tooth 
surfac e 

In the present section, equation of the contact line, the 
contact surface and the conjugate tooth profile for tapered gears 
are developed. 

The equation of contact is rev/ritten in a different form 

l-i2iCl-3i2iCSS3>j^-i2iSS tan C(S3'jj.-(0}.+n)C$]j+a) 

X = XC0k,<|)l) = ^ 

i2j^ Si C sec^ 3 

where, $j„ = + <})j^ 

and 1 ^ niT ; n = 0,1,2,,.. 

When equation (2.14) is used to eliminate X from equation (2.6), 
we get equation of the line of contact as 

5£cC®k>'i>l) = [<S0k-0gC%},-{C0]^+0j?S0k},X(03^,<!)l3]^; k = U,L 2.15 

where, 

“ ^(Qk>'J’i) ® • 

The lines of contact for en on-center face gear (^ = -^ > 

6 = 0,, a = O) are shown in Figure 3 * The locus of the line of 
contact in the fixed co-ordinate system S,| is the contact surface 
or the surface of action [5] £18] £191 

One can transform R. into the co-ordinate system S,. 
using the expression, = Q-,| Jjic* transformation, we get 
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The tooth profile ^ 2 ]^ of the meshing gear is the locus of the 
contact line in the co-ordinate system, 3^. Transforming R. 
to the sji-stefa S^, we get 

/ . 3 

[(S^j^-0|*Cft5i)Cd)2-(C\+0^S$i.)GZS(}>2-XSZS(S)2+aC4)2] 

52k*^®k»^P "" |-[(S$}^-0*C$5.)5(j)2+CCV0^Sc|)j^)CEC(i)2+XSEC(|)2+aS<{>23 } 2.17 

i [-(C®i.+0*s$j^)ss+xcz3 

2.7 Shape of blanks for tapered gears: 

The optional blank shape of the tapered gear varies with 
the offset and the shaft angle. The maximum practicable offset 
in tapered gears can be as small as one-fourth of the nominal pitch 
diameter of the gear for S = ^ i.e. for face gears. And it can be 
as large as the suia of the nominal pitch radii in gears having small 
shaft angles. In the latter case, the taper-effect practically 
disappears and the blank becomes almost cylindrical [1] . Ibr 

an on-center gear the blank is conical while for a face gear the 
blank is in the form of a disc having teeth on the face. Determination 
of the actual size and shape of the gear blank is a prerequisite to the 
investigation of pointing and evaluation of the contact ratio. In 
the absence of a standard practice to fix the shape of the tapered 
gear blank, it is assumed that the blank always maintains a constant 
clearance with the root . cylinder of the pinion. The clearance 
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cylinder is a cylinder coaxial with the pinion and having a radius 
r ^5 which is equal to the sum of the radius of the root cylinder of 
the pinion and the radial clearance [ ligure 5.1 . r^=( 1 -2f ^ )/ 
cos . The problem here is to find a surface of revolution on 
the axis of the gear which always touches the clearance cylinder. 

The equation of the cylinder of radius r^ in the co-ordinate 
system is written as 

R(6,X) = [{r^C0+a},-{r^0CE+lSS},{-r£SeS5:+ACZ}]^ 2.18 

Here, 0 and X are parameter of the surface. It may be noted that 
X is the parameter along the axis. Now, considering the 
intersection of this cylinder with a plane perpendicular to Z 2 
axis, we get intersection curve, 

X2 + Y2 ^ ^ CrfCO+a)^ + (x^eCE + XSE)^ 

where X = (Zo + S0SE)/CE 

Equation (2.19) can be written as 

E = C^E (r£ Ce + a)^ + (Xf S0 + Z 2 SE)^ 

As the ideal or optimal blank surface touches the intersection 
curve the condition for touching is given by dB^/d© = 0. 
Differentiating equation (2.21 ) with respect to 6 , we get 


2.19 

2.20 
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se ces^E - a se c^s + Z2 ssce = o 2.22 

Here, Zg is assumed to be constant. Prom equations (2.22) and , 
( 2 . 20 ), one can write 

tan 9 = A tan £/a 

The equation for the optiaal blank shape is obtained by eliminating 
6 from equation (2.21 ) using the expression (2.23). This equation 
is given below 


(x? + yhcH = Ra^C^E = cH (rfCe + a)^ + (r. Se + Z 2 SZ)^ 2.24 

where, S0 \SZ / [xh'P-l + a2c2£ = aCI/ [A^S^E+a^CE] 2.25 


and Ra is the radius of the gear blank for a specified value of 
gig* The addemdum surface of face gears, on-center tapered gears 
and cylindrical gears are special oases of the above siurface. 

In case of the face gear - '^/2) the equation (2*24) 
takes the form 

rf + ^2 =C 2. 

This plane is called tip plane of the face gear. Here, the off- 
set 'a’ may or may not be equal to zero. 

Etir on-center tapered gears, off set 'a' is equal to zero. 
In this case the equation (2.24) takes the form of the equation of 


a cone 



Z2-AX(S 


(Off-set tapered gears s =17/18 rr a rf =i) 


Z2-AXIS 

(Off-'Set tapered gears S= 3Tr/4 a r|t=i) 

FIG. 4 OPTIMUM BLANK SHAPE FOR TAPERED GEARS 

(ACTUAL BLANK SHAPES ARE SURRCES OF REVOLUTfON 
GENERATED BY ROTATING CURVES ABOUT z?- AXE$) 






27 


Cx^ + yl)ch = Cr£ + Z2 S2)2 2.27 

Ibr external cylindrical gears, the blank shape can be 
derived from equation (2.24) after substituting Z = it • This 
gives 

Xg + J 2 = (a - 2.23 

For off set tapered gears, it is seen from equation (2.24) 
that the optimal blank shape is not conical. However, for ease 
of manufacture and inspection, the blank should be conical althou^ 
it means a loss of some portion' of the surface of action. The 
procedure for obtaining the most sikL table conical blank shape is 
out line below. 

Figure 4 shows the plots of the surfaces for a few specific 
cases. It can be seen that the optimal blank surface 4 js- of the 
concave nature. I'le can find a cone which just touches this surface 
and is wholly within it. Such a cone will not interfer with the 
clearance cylinder of the pinion. In order to use the maximum 
tooth width .and height one can find a cone which touches this surface 
at the middle of the tooth width. 

It is assumed, that the distances from the origin of the 
small end, and the large end, of the blank along the Z 2 

axis are known [Figure 5 ] . To avoid undercutting and pointing, 

inequalities ( jz^^l ^ | Z2u I ^ ^ l^2Bi - i ^2iJ^ 




FIG. 5 SPUR OIM-CENTER TAPERED GEAR. 
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satisfied. Here and are the respective distances vrfae re 

undercutting and pointing of the teeth occur . Estimation of these 
limiting parameters will be discussed later. The following steps 
are followd for calculating the conical blank size. 

i. The middle of the tooth width is foimd, using 

“am' 

ii. The semicone angle, , of the blank is obtained 
using the expression 


iii. 

dR„ 

Cl 

dij 


d Rg 

tan 6„ = — 

dzo 


^2ra 


From equation (2.24), we compute 


tan S , Num 


^2m [CrfC0+a)^+CrfSeCZ+XSE)2]^/2 


2.30 


2.3’’ 


[XSlC3-aCZS0]rfC9 

where, Ntan = r^0CZ+XSE + — — 7 

aC0C2s+XSZCZ-r^:S‘"ZC^e 

6 is given by 

SZC0[r^0 SS - a tan Z+ Z2in] = 0 
and X is given by- 

tan 0 = X tan Z/a, 


2.32, 


2.33 


2.34 


iv. 


The equation of the cone is now written as 
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2 

The radii of the small and large end are given by 
^2? = ^2rn ^ ^“2F “ ‘'2m^ 

^2B * ^^2^ '-22^ - -2p) tan 6,-, 2.36 

The radius is obtained from equation (2.24) with z^= 

and using the solutions of equations (2.33) and (2.34). The face 
width of blank is obtained considering 

b = 1 (Z2B “ 22p)|/cos 6g^ 2.37 

Prom equations (2.33) > (2.31 ) and (2.32) it can be 
observed that for an on-center tapered gear (a = O) the semi cone 
angle 5^= Z . Figure 4b shows that for gears with low transmi- 
ssion ratio and low off-sets, the semicone angle approaches the 
shaft angle. 

2.8 Pointing' of gear tooth. 

On a conventional bevel gear of octoidal form the face width 
can theoritically be increased indefinitely. The tool and machine 
are the limiting factors. ’ The pitch and height increase in 
proportion to the diameter but the pressizre angle on the pitch 
surface remains constant. In case of tapered gears, the pitch and 
the height of pinion tooth remains constant but the pressure angle 
varies along the face. This makes gear teeth to become pointed 
towards the larger end of the blank. 
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Let the addandum surface of the gear intersect the tooth 
surfaces, U and L. There will be two curves of intersection 
cgrrespondlng to the surface, U and L. Gear tooth will appear to 
be pointed where th.;;se two curves meet together on the addandum 
surface [Figure 6]- . 

The condition of interpretation of the addendum surface of 
the gear with the tooth surfaces, U and L is given by 




2.39 


where, H, 


■2k 


[R 


E 


i2k’ ■^y2k’ ^z2k 




is given by equation (2.15) 


S0 " 


X^SE 


Xj|^ SS ciCZ 

[X^S^E+a^C^E]!/^ ’ [X^S^E+a^C^E]^'^^ 

[l-i2lCS-ai2iCES3'^.-i2iSE tan B{ S®j;-(0j^+Ti)C^+a}] 
i2]^C4>j^ sec^g 


and, 0,^ = 6,; . 

As the point at' which pointing of the tooth occurs in common to 
tooth surfaces, U and L, one can write 
^x2U “ ^x2L == 

'V2U " ^x2L = ° 2.40 

Pointing occurs,if equations (2.39 ) and (2.40) are satisfied simultaneously a+ 
that point. This set of equations can be represented in vectorial form as 

^ ® = t®u» ®L’ *^11^ 


2.41 
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316 1 POSITION AT WHICH POINTING QCCURES IN TAPERED GEARS 


• -IZl. I I I I I I I I I I 

• • • 1 11/2 1 1/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I I/ICI I 

• •• I I I I I I I 1 I I 

L.ASTAR. I I I I I I I I I I 

^AFT ANGLE 105 HELIX ANGLE 0.0 

7 . 0.00 1.217 2.377 3.540 4.705 5.870 7.036 8.201 9.367 10.533 11.698R2 

-1.240-1.551-1.863-2.175-2.487-2.799-3.112 -3.424 -3.736 -4.049Z2 
0.05 1.218 2.378 3.543 4.708 5.874 7.041 8.207 9.374 10.540 11.707 

-1.240-1.551-1.863-2.175-2.487-2.799-3.112 -3.424 -3.736 -4.049 
0.10 1.22y 2.383 3.550 4.718 5.887 7.056 8.225 9.394 10.563 11.732 

-1.240-1.551-1.862-2.17^-2.487-2.799-3.111 -3.423 -3.736 -4.048 
0.15 1.223 2.390 3.561 4.734 5.907 7.080 8.254 9.427 10.601 11.775 

-1.240-1.551-1.862-2.174-2.486-2.798-3.110 -3.423 -3.735 -4.047 
0.20 1.227 2.40D 3.578 4.756 5.936 7.115 8.295 9.474 10.654 11.834 

-1.240-1.550-1.862-2.173-2.485-2.797-3.109 -3.421 -3.734 -4.046 
0.25 1.233 2.413 3.599 4.785 5.972 7.159 8.347 9.534 10.722 11.910 

-1.239-1. 550-1. 861-2. 173-2. 484-2. 796-3. 108 -3.420 -3.732 -4.044 
0.3D 1.239 2.429 3.624 4.820 6.016 7.213 8.410 9.607 10.804 12.001 

-1.239-1.549-1.860-2.171-2.483-2.795-3.106 -3.418 -3.730 -4.042 
0.35 1.247 2.448 3.654 4.861 6.068 7.276 8.484 9.692 10.900 12.109 

-1.238-1. 548-1. 859-2. 17C-2. 482-2. 793-3. 105 -3.416 -3.728 -4.039 
0.40 1.256 2.469 3.688 4.907 6.127 7.348 8.569 9.790 11.011 12.232 

-1.238-1.547-1.858-2.169-2.480-2.791-3.102 -3.414 -3.725 -4.036 
0.45 1.266 2.493 3.726 4.959 6.194 7.429 8.664 9.899 11.134 12.369 

-1.237-1.546-1.857-2.167-2.478-2.789-3.100 -3.411 -3.722 -4.033 
0.50 1.277 2.520 3.768 5.017 6.267 7.518 8.769 10.019 11.270 12.521 
-1.236-1.545-1.855-2.165-2.476-2.786-3.097 -3.408 -3.718 -4.029 
3. 0.00 1.211 2.367 3.526 4.686 5.847 7.008 8.170 9.331 10.493 11.654 

-1.245-1.554-1.865-2.176-2.487-2.798-3.109 -3.420 -3.732 -4.043 
0.05 1.212 2.368 3,528 4.689 5.851 7.013 8.176 9.338 10.500 11.663 

-1.245-1.554-1.865-2,176-2.487-2.798-3.109 -3.420 -3.732 -4.043 
0.10 1.213 2.372 3.535 4.699 5.864 7.028 8.193 9.358 10.523 11.688 

-1.245-1.554-1.865-2.176-2.487-2.798-3.109 -3.420 -3.731 -4.042 
0.15 1.216 2.380 3.547 4.715 5.884 7.053 8.222 9.392 10.561 11.731 

-1.244-1.554-1.864-2.175-2.486-2.797-3.108 -3.419 -3.730 -4.041 
0.20 1.221 2.390 3.563 4.738 5.913 7.088 8.263 9.439 10.614 11.790 

-1.244-1. 553-1. 864-2. 17 A-2.485-2. 796-3. 107 -3.418 -3.729 -4.040 
0.25 1.226 2.403 3.584 4.766 5.949 7.132 8.316 9.499 10.682 11.866 

-1.244-1.553-1.863-2.174-2.484-2.795-3.106 -3.416 -3.727 -4.038 
0.30 1.233 2.419 3.609 4.801 5.994 7.186 8.379 9.572 10.765 11.958 

-1.243-1.552-1.862-2.172-2.483-2.793-3.104 -3.415 -3.725 -4.036 
0.35 1.240 2.438 3.639 4.842 6.046 7.249 8.453 9-657 10.861 12.066 

-1.243-1.551-1.861-2.171-2.481-2.792-3.102 -3.412 -3.723 -4.033 
0.40 1.249 2.459 3.673 4.889 6.105 7.322 8.538 9,755 10.972 12.189 

-1.242-1.550-1,860-2.170-2.480-2.790-3.100 -3.410 -3.720 -4.030 
0.45 1.259 2.483 3.711 4.941 6.172 7.402 8.633 9.864 11.096 12.327 

-1.241-1.549-1.859-2.168-2.478-2.788-3.097 -3.407 -3.717 -4.027 
0.50 1.270 2.509 3.754 4.999 6.245 7.492 8.739 9.985 11.232 12.479 

-1.240-1.548-1.857-2.166-2.476-2.785-3.095 -3.404 -3.713 -4.023 
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ABLE 1 POSITICN AT WHICH POINTING OCCURES IN TAPERED GEARS 


. .121. I I I I I I I I I I 

. . . I 11/21 1/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I 1/10 I 

• •• I I I I I I I I I I 

Zl.ASTAR. Ill Till I I I 


SHAFT ANGLE 1C5 

17. 0.00 1.215 2.376 3.540 4,705 5.870 7.036 8.202 

-1.238-1. 549-1. 861-2. 17 3-2. 486-2. 798-3. 110 
0.05 1.208 2.360 3.514 4.670 5.827 6.983 8.140 
0.05 1.208 2.360 3.514 4.670 5.827 6.983 8.140 
-1.236-1.544-1.854-2.163-2.473-2.782-3.092 
O.IO 1.202 2.346 3.494 4.643 5.792 6.941 8.091 
-1 . 234- 1 .540-1 .846- 2.153-2. 460-2 . 767-3 .074 
0.15 1.198 2.336 3.478 4.622 5.765 6.909 8.053 
-1.232-1.535-1.838-2.142-2.446-2.751-3.055 
0.20 1.195 2.329 3.468 4.607 5.747 6.888 8.028 
-1.229-1.529-1.830-2.132-2.433-2.734-3.036 
0.25 1.193 2.325 3.462 4.600 5.738 6.877 8.015 
-1.227-1.524-1.822-2.121-2.419-2.718-3.016 
0.30 1.192 2.324 3.461 4.599 5.738 6.876 8.015 
-1.225-1.519-1 .814-2.109-2.405-2.701-2.996 
0.35 1.192 2.327 3.465 4.605 5.746 6.887 8.028 
-1.222-1. 513-1. 8C 5-2. 09 8-2. 391-2. 684-2. 976 
0.40 1.194 2.332 3.474 4.618 5.763 6.908 8.052 
-1.219-1.508-1.797-2.086-2.376-2.666-2.956 
0.45 1.197 2.340 3.488 4.638 5.788 6.939 8.090 
-1.216-1.502-1.788-2.075-2.361-2.648-2.935 
0.50 1.202 2.352 3.507 4.664 5.822 6.980 8.139 
-1.214-1.496-1.779-2.062-2.346-2.630-2.914 

18. 0.00 1.211 2.371 3.534 4.697 5.862 7.026 8.190 

-1.247-1.557-1.869-2.181-2.493-2.805-3.117 
0.05 1.204 2.355 3.509 4.663 5.818 6.973 8.129 
-1.244-1.553-1.861-2.171-2.480-2.789-3.098 
0.10 1.199 2.342 3.488 4.635 5.783 6.931 8.079 
-1.242-1. 548-1. 854-2. 16C-2. 467-2. 773-3 .080 
0.15 1.194 2.332 3.473 4.614 5.757 6.899 8.042 
-1 .240-1. 543-1. 846-2. 15 C-2. 453-2. 757-3. 061 
0.20 1.191 2.325 3.462 4.60C 5.739 6.878 8.017 
-1 . 238-1 .537-1 .838-2 . 13 9-2.440-2 . 741-3 .042 
0.25 1.189 2.321 3.456 4.593 5.730 6.867 8.005 
-1.235-1.532-1.830-2.128-2.426-2.724-3.023 
0.30 1.188 2.320 3.455 4.592 5.729 6.867 8.005 
-1.233-1.527-1.822-2.117-2.412-2.707-3.003 
0.35 1.189 2.322 3.460 4.598 5.738 6.877 8.017 
-1.230-1.521-1.813-2.105-2.398-2.690-2.983 
0.40 1.190 2.327 3.469 4.611 5.755 6.898 8.042 
-1.227-1.516-1.805-2.094-2.383-2.673-2.962 
0.45 1.193 2.336 3.483 4.631 5.780 6.930 8.079 
-1.225-1.510-1.796-2.082-2.368-2.655-2.941 
0.50 1.198 2.347 3.501 4.657 5.814 6.971 8.128 
-1.222-1.504-1.787-2.070-2.353-2.637-2.920 


HELIX ANGLE 10.0 


9.368 

-3.423 

9.297 

9.297 

-3.402 

9.240 

-3.381 

9.197 
-3.359 

9.169 

-3.337 

9.154 

-3.315 

9.154 

-3.292 

9.169 

-3.269 

9.198 
-3.246 

9.240 

-3.222 

9.297 

-3.198 

9.355 

-3.429 

9.284 

-3.408 

9.228 
-3.387 

9.185 
-3.365 

9.156 
-3.343 

9.142 

-3.321 

9.142 

-3.298 

9.157 
-3.275 

9.186 
-3.252 

9.229 
-3.228 

9.286 

-3.204 


10.533 

-3.735 

10.454 

10.454 

-3.712 

10.390 
-3.688 
10.341 
-3.663 

10.309 
-3.639 

10.293 
-3.614 

10.294 
-3.588 

10.310 
-3.562 
10.343 
-3.536 

10.391 
-3.509 
10.456 
-3.482 
10.519 
-3.741 
10.440 
-3.717 
10.376 
-3.693 
10.328 
-3.669 

10.296 
-3.644 
10.280 
-3.619 
10.280 
-3.594 

10.297 
-3.568 
10.330 
-3.541 
10.379 
-3.515 
10.443 
-3.487 


11.699 

-4.048 

11.611 

11.611 

-4.021 

11-539 

-3.995 

11.486 

-3.968 

11.450 
-3.940 

11.432 
-3.912 

11.433 
-3.884 

11.451 
-3.855 
11.488 
-3.826 
11.543 
-3.796 
11.615 
-3.766 
11.684 
-4.053 
11.595 
-4.026 
11.524 
-4.000 
11.471 
-3.973 
11.435 
-3.945 
11.418 
-3.917 
11.418 
-3.889 
11.437 
-3.860 
11.474 
-3.831 
11.529 
-3.801 
11-601 
-3.771 


TABLE I POSITICN AT WHICH POINTING OCCURES IN TAPERED GEARS 


. .121. I 

I 

I 

I 

I 

I 

I 

I 

I 

. . . 1 I 

1/2 I 

1/3 I 

1/4 I 

1/5 I 1/6 

I 

1/7 I 1/8 

I 1/9 

I 1/1 

... I 

I 

I 

I 

I 

I 

I 

I 

I 

Zl.ASTAR. I 

I 

I 

I 

I 

I 

I 

I 

I 


SHAFT ANGLE 135 HELIX ANGLE 0 


17. 0.00 1.265 2M2 3.598 4.76^ 5.930 7.096 8.262 9.428 10.594 11.7 

-2. 513-3. 68''»-4. 847-6. 01 3-7. 179-8. 345-9. 511-10. 677-11. 843-13.0 
0.05 1.265 2.432 3.599 4.765 5.932 7.098 8.265 9.431 10.598 11.7 

-2.513-3.680-4.845-6.011-7.176-8.342-9.508-10.673-11.839-13.0 
0.10 1.266 2.434 3.602 4.77C 5.938 7.106 8.274 9.441 10.609 11.7 

-2.512-3.677-4.841-6.006-7.170-8.334-9.498-10.662-11.826-12.9 
0.15 1.267 2.437 3.607 4.777 5.948 7.118 8.288 9.458 10.628 11.7 

-2.510-3.673-4.835-5.997-7.158-8.320-9.482-10.644-11.805-12.9 
0.20 1.268 2.441 3.615 4.788 5.961 7.135 8.308 9.482 10.655 11.8 

-2.508-3.667-4.826-5.984-7.143-8.301-9.460-10.618-11.776-12.9 
0.25 1.270 2.447 3.624 4.801 5.979 7.156 8.334 9.512 10.689 11.8 

-2.504-3.659-4.814-5.968-7.122-8.276-9.431-10.585-11.739-12.8 
0.30 1.272 2.453 3.635 4.818 6.000 7.183 8.366 9.548 10.731 11.9 

-2.500-3.650-4.799-5.948-7.097-8.246-9.395-10.544-11.693-12.8 
0.35 1.275 2.461 3.649 4.837 6.025 7.214 8.403 9.591 10.780 11.9 

-2.495-3.639-4.782-5.925-7.068-8.210-9.353-10.496-11.638-12.7 
0.40 1.278 2.470 3.664 4.859 6.054 7.250 8.445 9.641 10.836 12.0 

-2.490-3.627-4.762-5.898-7.033-8.169-9.304-10.440-11.575-12.7 
0.45 1.282 2.481 3.682 4.884 6.087 7.290 8.493 9.696 10.900 12.1 

-2.483-3.612-4.740-5.867-6.994-8.121-9.249-10.376-11.503-12.6 
0.50 1.286 2.492 3.701 4.912 6.123 7.335 8.546 9.758 10.970 12.1 

-2.476-3.596-4.714-5.832-6.950-8.068-9.186-10.304-11.421-12.5 

18. 0.00 1.257 2.419 3.581 4.743 5.905 7.067 8.228 9.390 10.552 11.7 

-2. 514-3. 676-4. 838-6. CO C-7. 162-8. 324-9. 485-10. 647-11. 809-12. 9 
0.05 1.257 2.420 3.582 4.745 5.907 7.069 8.231 9.393 10.556 11.7 

-2.513-3.676-4.837-5.998-7.160-8.321-9.482-10.643-11.805-12.9 
0.10 1.257 2.422 3.585 4.749 5.913 7.076 8.240 9.403 10.567 11.7 

-2.512-3.673-4.833-5.993-7.153-8.313-9.473-10.632-11.792-12.9 
0.15 1.259 2.425 3.591 4.757 5.922 7.088 8.254 9.420 10.586 11.7 

-2.510-3.669-4.827-5.984-7.142-8.299-9.456-10.614-11.771-12.9 
0.20 1.260 2.429 3.598 4.767 5.936 7.105 8.275 9.444 10.613 11.7 

-2.508-3.663-4.817-5.972-7.126-8.280-9.434-10.588-11.742-12.8 
0.25 1.262 2.434 3.607 4. 780 5.954 7.127 8.300 9.474 10.647 11.8 

-2.504-3.655-4.805-5.955-7.105-8.255-9.405-10.555-11.704-12.8 
0.30 1.264 2.441 3.619 4.797 5.975 7.154 8.332 9.510 10.689 11.8 

-2.500-3.646-4.791-5.936-7.080-8.225-9.369-10.514-11.658-12.8 
0.35 1.267 2.449 3.632 4.816 6.000 7.185 8.369 9.554 10.738 11.9 

-2.495-3.635-4.774-5.912-7.050-8.189-9.327-10.465-11.603-12.7 
0.40 1.270 2.458 3.648 4.838 6.029 7.220 8.412 9.603 10.795 11.9 

-2.490-3.622-4.754-5.885-7.016-8.147-9.278-10.409-11.540-12.6 
0.45 1.274 2.468 3.665 4.863 6.062 7.261 8.460 9.659 10.858 12.0 

-2.483-3.608-4.731-5.854-6.977-8.099-9.222-10.344-11.467-12.5 
0.50 1.278 2.480 3.685 4.891 6.098 7.306 8.513 9.721 10.929 12.1 

-2.476-3.592-4.705-5.819-6.932-8.046-9.159-10.272-11.385-12.4 


TABLE I POSITICN AT WHICH POINTING OCCURES IN TAPERED GEARS 


. .121. I I I I I I I I I 

. . . 1 11/2 1 1/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I 1/1< 

. .. I I I I I I I I I 

Zl.ASTAR. I I I I I I I I I 


SHAFT ANGLE 135 


HELIX ANGLE 10 


17. 


0.00 1.280 2.450 3.617 4.784 5.951 7.117 8.283 9.450 10.616 11.7! 

-3.98 -6.01 -a. 03-10. 05-12. 07-14. 09-16.11 -18.13-20.15 -22.: 
0.05 1.279 2.446 3.612 4.776 5.940 7.105 8.269 9.432 10.596 11. 7< 

-3.98 -6.10 -8. 02-if .03-12.05-14.06-16.08 -18.09 -20.11 -22.! 
O.ID 1.277 2.443 3.607 4. 770 5.932 7.094 8.256 9.419 10.581 11.7^ 

-3.97 -5.99 -8. 00-10. 00-12. 01-14.02-16.02 -18.03 -20.04 -22. ( 
0.15 1.276 2.441 3.603 4.764 5.925 7.086 8.247 9.408 10.569 11.7: 

-3.97 -5.97 -7.97 -9.97-11.96-13.96-15.96 -17.95 -19.95 -21. < 

0.20 1.275 2.439 3.6JU 4.761 5.921 7.081 8.241 9.401 10.560 11.7; 

-3.96 -5.95 -7.94 -9.92-11.91-13.89-15.87 -17.85 -19.84 -21.1 


0.25 1.275 2.438 3.598 4.758 5.918 7.078 8.237 
-3.95 -5.93 -7.90 -9. 87- Ll .84-13 .80-1 5.77 
0.33 1.274 2.437 3.598 4.758 5.917 7.077 8.236 
-3.94 -5.90 -7.85 -9.80-11.75-13.70-15.65 
0.35 1.274 2.437 3.598 4.758 5.918 7.C<79 8.239 
-3.93 -5.87 -7.80 -9.72-11.66-13.59-15.52 
0.40 1.274 2.437 3.599 4.760 5.921 7.083 8.244 
-3.91 -5,83 -7.74 -9.65-11.56-13.46-15.36 
0.45 1.274 2.438 3.601 4.764 5.926 7.089 8.251 
-3.89 -5.79 -7.68 -9.5 6- 11.44-13 .32-1 5. 19 
0.50 1.274 2.440 3.604 4.769 5.933 7.098 8.262 
-3.88 -5.75 -7.60 -9.46-11.31-13.15-15.00 
0.00 1.272 2.438 3.602 4.766 5.928 7.091 8.254 
-3.98 -6.00 -8.02-10.03-12.05-14.06-16.07 
0.05 1.271 2.435 3.597 4.757 5.918 7.079 8.239 
-3.98 -5.99 - 8 . 00-10. 01-12. 02-14. 03-16. 04 
0,10 1.27C 2.432 3.592 4.751 5.910 7. 068 8.227 
-3.97 -5.98 -7.98 -9.99-11.99-13 .99-15.99 
0.15 1.268 2.429 3.588 4.746 5.903 7.061 8,218 
-3.97 -5.96 -7.96 -9.95-11.94-13.93-15.92 
0.20 1.268 2.428 3.585 4.742 5.899 7.055 8.211 
-3.96 -5.94 -7.92 -9.90-11.88-13 .86-15.83 
0.25 1.267 2.426 3.583 4.740 5.896 7.052 8.208 
-3.95 -5.92 -7.89 -9.85-11.81-13.77-15.73 
0.30 1.266 2.426 3.583 4.739 5.895 7.051 8.207 
-3.94 —5.89 —7.84 —9.79— 11.73— 13 •67-15.61 
0.35 1.266 2.425 3.583 4.740 5.896 7,053 8.210 
-3.93 -5,86 -7.79 -9.71-11.64-13.56-15.48 
0.40 1.266 J.426 3.584 4.742 5.899 7.057 8.215 
-3.91 -5.83 -7.73 -9.63-11.53-13.43-15.33 
0.45 1.266 2.427 3.586 4.745 5.904 7.063 8.222 
-3.89 -5.78 -7.66 - 9 . 54-11. 41-13. 28-15. 15 
0.50 1.266 2.428 3.589 4.75C 5.911 7.072 8.233 
-3.88 -5.74 -7.59 -9.44-11.28-13.12-14.96 


9.397 10.556 11.7: 
-17.74 -19.70 -21. ( 
9.396 10.555 11.7; 
-17.60 -19.55 -21.! 

9.399 10.559 11. 7! 
-17.44 -19.37 -21,: 

9.405 1C. 566 11.7; 
-17.27 -19.17 -21. < 
9.414 10.576 11.7: 
-17.07 -18.95 -20.1 
9.426 10.591 11,7! 
-16.85 -18.70 -20.! 

9.417 10.579 11.7- 
-18.09 -20.10 -22.: 

9.399 10.560 11.7; 
-18.05 -20.05 -22.1 
9.386 10.544 11. 7< 
-17.99 -19.99 -21.' 

9,375 10.532 11.6 
-17.91 -19.90 -21. i 
9.368 10.524 11.6 
-17.81 -19.79 -21. 

9.364 10.520 11. 6‘ 
-17.69 -19.65 -21.1 
9.363 10.519 11.6 
-17.56 -19.50 -21.- 
9.366 10.523 11.6 
-17.40 -19.32 -21. 

9.372 10.530 11.6 
-17.22 -19.12 -21. i 
9.381 10.540 11.6 
-17.02 -18.89 -20. 

9-394 10.555 11.7 
-16.80 -18.64 -20. 
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3!he solution, 0^ of equation (2.41 ) when substituted in 
equation (2.15) gives the point on the gear surface at which 
pointing occurs. Hie radius and the distances 'along Zg and 
axis at which pointing occurs can be determined from the following 
expressions: 

% = !^^x 2U ^ “os f^x2L “os 

^2p ~ ^''z2U “os = ^'221 “os 

^Ip “os aQ 3 2.42 

where 52,^ = ’V2k'%’^U5>^’‘'^2kt6kp.hkp’!'^ 

Here, r^^j and are non-dimensionalized with respect to 

nominal pitch radius of the cutter. It can be seen that the above 

li m iting dimensions depend on Z , “oc , i„^, f , C j8 and 

a. Equation (2.41 ) may be solved for different sets of these 

parameters. A few? samples of the results of computation are 

1 

tabulated in Table 1 . 

2.9 Undercutting of gear teeth. 

Undercutting of gear tooth is due to' the appearance of the 
cuspoidal points on its surface {Sj During generation a portion 
of the tooth surface is rmoved below these points. Riysical 
boundaries of gear blanks are so chosen that these special points 
are avoided from the region of mesh C19] . In this section, the 


1 


Eor more results, see [22 ] 
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equation to find the limiting dimensions of tapered gear to ayoid 
undercutting are deyeloped. 

condition for undercutting is expressed in the following 
form. IhiB condition holds good at cuspoidal points, [^pendix II] 

d(J)i 


cet 


3£ 

3£ 

3£ ' 



acj d- 



,.12 

30,. 

31 

• \xl 



^12 

9%: 

3X 

^’zl 


= 0 


where = i 

dt 


Expanding the determinant, we can write 
U = tJC0k,X,<J>p 

Si “ EiC%.w 

is the generating surface and 


2.43 


2.44 


2.6 


f = £(Oj.,A,(j)j) 2.11 

is the equation of contact. The interest lies in finding the 
cuspoidal points corresponding to the tip of the cutter. Ihe 
equation of the tip of the cutter is given by 

BC0j^,A3 = 0 2.45 

In case of the involute helical cutter equation (2.45) is expressed 


as 
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2 ,.1/2 


®k = 


2.46 


where 

Here, 


^oe ~ ^ ^ '-^os ^ ®os 2.47 

the cutter is assumed to be unconnected, that = 0, 

To obtain the condition of undercutting for tapered gears 


the expressions for — , 

SX 


,^12 j ,^12 

iif ' 3x ■ • ''lx “'1 '‘ly 


derived from equations (2.6 , 2.13, R-1 , and 2.46) are substituted 
in equation (2.43)* As a result the following condition is 
obtained 


[ai2iCi:+i2iSl tan 6CS0j^+a)S$j^-Cl-i22CE)S0pJ [(l-i2 JC23S4^.+i2qCEC4J^0*^-ai2^CL- 

-i 22 SI; tan 6 S'5j^CRj,j^+a)]+i2qSi:C^O]j0*^ tan 6 - i|j^S^ZC^4j^G^^sec^0(R^^+a)=O 

2.48 


where 


‘’'CX ' - Ske «k 

lEbis can be written as 


u 


C'?k) 



2.49 


Por spur face gears, above equation takes a simpler from 


• 2 


’k - ijl - ®ke 'll 


0, = 0 


similar expressions have been derived earlier [5] [8] {12] 

The limiting dimension of the gear to avoid undercutting can be 
found by the following consideration. 



TABLE 2 POSITICN AT WHICH UNDERCUTTING OCCURES IN TAPERED GEARS 




• • 121 • I II I I I I I I I 

. . . 1 11/21 1/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I 1/10 I 

• •• I I I I I I I I I I 

Zl^ASTAR. I I I I I I I I I I 


SHAFT ANGLE 105 HELIX ANGLE 0.0 

17. 0.00 1.009 1.947 2.878 3.81C 4.743 5.678 6.613 7.550 8.486 9.424 

-1. 393-1. 6i:8-l. 834-2. 06 7-2. 306-2. 548-2. 792-3. 038 -3.285 -3.533 
0.05 I.U19 1.967 2.9U4 3.84C 4.777 5.714 6.652 7.590 8.529 9.468 

-1.399-1.620-1.848-2.084-2.324-2.567-2.811-3.058 -3.305 -3.553 
0.10 1.029 1.988 2.934 3.877 4.819 5.761 6.703 7.646 8.589 9.532 

-1.4i, 5-1. 63^1-1.861-2. 098-2. 339-2. 582-2. 828-3.074 -3.321 -3.569 
0.15 1.04C 2.012 2.968 3.919 4.869 5.818 6.767 7.716 8.666 9.615 

-1.410-1.639-1,873-2.111-2.352-2.596-2.842-3.088 -3.335 -3.583 
0.20 1.052 2.038 3.005 3.967 4.927 5,886 6.844 7.801 8.759 9.716 

-1.414-1.647-1.883-2.122-2.364-2.609-2.854-3.101 -3.348 -3.596 
0.25 1.U65 2.066 3.047 4.021 4.993 5.963 6.931 7.900 8.868 9.836 

-1.418-1.654-1.892-2.132-2.375-2.619-2.865-3.112 -3.359 -3.607 
0.30 1.078 2.096 3.092 4.081 5.066 6.049 7.031 8.012 8.992 9.973 

-1.421-1. 661-1. 9D0-2. 14 1-2. 384-2. 629-2. 875-3. 122 -3.369 -3.617 
0.35 1.092 2.127 3.141 4.146 5.146 6.145 7.141 8.137 9.132 10.126 

-1.424-1.666-1.907-2.149-2.393-2.638-2.884-3.130 -3.377 -3.625 
0.40 1.106 2.161 3.193 4.216 5.234 6.249 7.262 8.274 9.285 10.296 

-1.426-1.671-1.913-2.156-2.400-2.645-2.891-3.138 -3.385 -3.632 
0.45 1.121 2.197 3.249 4.291 5.328 6.361 7.393 8.423 9.452 10.480 

-1.428-1. 676-1. 919-2. 163-2. 407-2. 652-2. 898-3. 144 -3.391 -3.639 
0.50 1.136 2.234 3.308 4.371 5.428 6.481 7.533 8.583 9.632 10.680 

-1.430-1.679-1.924-2.168-2.413-2.658-2.904-3.150 -3.397 -3.644 

18. 0.00 1.006 1.945 2.876 3.808 4.741 5.676 6.612 7-548 8.485 9.423 

-1.387-1.603-1.830-2.064-2.303-2.546-2.790-3.036 -3.283 -3.531 
0.05 1.016 1.965 2.9C3 3.840 4.775 5.717 6.656 7.596 8.535 9.476 

-1.393-1. 614-1. 844-2. 08C-2. 320-2. 564-2. 809-3.055 -3.303 -3.551 
0.10 1.026 1.985 2.931 3.874 4.816 5.758 6.701 7.644 8.586 9.530 

-1.398-1.624-1.857-2.094-2.335-2.579-2.825-3.071 -3.319 -3.567 
0.15 1-038 2.009 2.964 3,916 4.866 5.815 6.764 7.713 8.663 9.612 

-1 .403-1.633-1 .868-2.107-2.349-2 .593-2.838-3.085 -3.332 -3.581 
0.20 1.049 2.034 3.002 3.964 4.923 5.882 6.840 7.798 8.755 9.713 

-1.407-1.641-1.878-2.118-2.360-2.605-2.850-3.097 -3.345 -3.593 
0.25 1.062 2-062 3.043 4.017 4.989 5.958 6.927 7.896 8.864 9.831 

-1.411-1.648-1.886-2.127-2.370-2.615-2.861-3.108 -3.355 -3.603 
0.30 1.075 2.092 3.088 4.076 5.061 6.044 7.026 8.007 8.988 9.968 

-1.414-1,655-1.894-2.136-2.380-2.625-2.871-3.117 -3.365 -3.613 
0.35 1.088 2.123 3.136 4.141 5.141 6.139 7.136 8.132 9.126 10.121 

-1.417-1.660-1.901-2.144-2.388-2.633-2.879-3.126 -3.373 -3.621 
0.40 1.103 2.157 3.188 4.211 5.228 6.243 7.256 8.268 9.279 10.290 

-1.419-1.665-1.907-2.151-2.395-2,640-2.886-3.133 -3.380 -3.628 
0.45 1.117 2.192 3.244 4.285 5.322 6.355 7.387 8.417 9.446 10.474 

-1.421-1.669-1.913-2,157-2.401-2.647-2.893-3.140 -3.387 -3.634 
0.50 1.133 2.229 3.302 4.365 5.422 6.475 7.527 8.576 9.625 10.673 

-1.423-1.673-1.918-2.162-2.407-2.652-2.898-3.145 -3.392 -3.639 



TABLE 2 POSITION AT WHICH UNDERCUTTING OCCURES IN TAPERED GEARS 


. .121. I I I I I I I I I 

• • « 1 11/21 1/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I 1/10 

• •• I I I I I I I I I 

Zl.ASTAR. • I I I I I I I I I 


SHAFT ANGLE 105 HELIX ANGLE 10.0 

^7. 0.00 1.052 2.017 2.963 3.904 4.842 5.780 6.718 7.656 8.594 9.531 

-1.418-1.649-1.883-2.121-2.362-2.606-2.850-3.097 -3.344 -3.591 
0.C5 1.038 1.989 2.923 3.854 4.783 5.713 6.642 7.572 8.502 9.432 

-1.412-1.637-1.866-2.101-2.339-2.579-2.822-3.065 -3.310 -3.555 
0.10 1.026 1.964 2.888 3.81C 4.733 5.656 6.579 7.503 8.427 9.352 

-1.4Q5-1. 624-1. 848-2. 07S-2. 314-2. 551-2. 791-3. 032 -3.275 -3.518 
0.15 1.014 1.941 2.857 3.773 4.691 5.609 6.529 7.450 8.371 9.293 

-1.398-1.609-1.828-2.055-2.286-2.521-2.758-2.997 -3.236 -3.477 
0.20 1.003 1.920 2.832 3.752 4.672 5.592 6.513 7.471 8.357 9.279 

-1.390-1. 593-1. 810-2. 036-2. 267-2. 500-2.735-2. 871 -3.210 -3.449 
0.25 3.992 1.930 2.858 3.783 4.707 5.632 6.557 7.536 8.406 9.332 

-1.382-1.598-1.818-2.044-2.273-2.505-2.738-2.851 -3.209 -3.445 
0.30 1.000 1.951 2.888 3.82C 4.752 5.682 6.613 7.618 8.474 9.404 

-1.387-1. 604-1. 824-2. 049-2. 277-2. 507-2.739-2. 833 -3.205 -3.439 
0.35 1.010 1.973 2.921 3.864 4.804 5.743 6.682 7.716 8.558 9.496 

-1,390-1.609-1.829-2.053-2.280-2.508-2.737-2.816 -3.199 -3.431 
0.40 1.021 1.997 2.958 3.913 4.864 5.814 6.763 7.830 8.659 9.606 

-1.393-1.612-1.833-2.056-2.281-2.507-2.734-2.800 -3.192 -3.421 
0.45 1.031 2.023 2.999 3.967 4.931 5.894 6.855 7.959 8.775 9.735 

-1.394-1.615-1.835-2.057-2.280-2.505-2.730-2.784 -3.183 -3.410 
0.50 1.043 2.051 3.043 4.027 5.006 5.983 6.959 8.102 8.907 9.880 

-1.395-1.617-1.837-2.057-2.279-2.501-2.724-2.769 -3.172 -3.397 
18. 0.00 1.049 2.013 2.959 3.900 4.838 5.777 6.714 7.652 8.590 9.528 

-1.412-1.644-1.878-2.116-2.358-2.602-2.847-3.093 -3.340 -3.588 
0.05 1.035 1.986 2.920 3.850 4.780 5.709 6.639 7.569 8.499 9.429 

-1.406-1.631-1.861-2.096-2.335-2.576-2.819-3.062 -3.307 -3.553 
0.10 1.023 1.960 2.885 3.807 4.730 5.653 6.577 7.501 8.425 9.350 

-1.399-1.618-1.843-2.075-2.310-2.548-2.788-3.030 -3.272 -3.515 
0.15 1.011 1.938 2.854 3.771 4.688 5.607 6.527 7.448 8.369 9.291 

-1.392-1.604-1.824-2.051-2.283-2.518-2.755-2.994 -3.234 -3.475 
0.20 1.000 1.917 2.830 3.750 4.670 5.590 6.512 7.433 8.355 9.278 

-1.384-1.588-1.806-2.032-2.263-2.497-2.733-2.970 -3.208 -3.447 
0.25 0.989 1.928 2.855 3.781 4.705 5.630 6.554 7.479 8.404 9.330 

-1.375-1.593-1.814-2.040-2.270-2.502-2.735-2.971 -3.206 -3.443 
0.30 0.998 1.948 2.885 3.81? 4.749 5.680 6.610 7.541 8.471 9.402 

-1.381-1.598-1.820-2.045-2.273-2.504-2.736-2.968 -3.202 -3.436 
0.35 1.008 1.970 2.918 3.860 4.801 5.740 6.678 7.617 8.555 9.493 

-1.384-1.603-1.824-2.049-2.276-2.504-2.734-2.965 -3.196 -3.428 
0.40 1.018 1.994 2.955 3.909 4.860 5.810 6.759 7.707 8.655 9.602 

-1.386-1.607-1.828-2.051-2.276-2.503-2.730-2.959 -3.188 -3.418 
0.45 1.029 2.020 2.995 3.963 4.927 5.890 6.851 7.811 8.771 9.730 

-1.388-1.609-1.830-2.052-2.275-2.500-2.726-2.952 -3.179 -3.406 
0.50 1.040 2.048 3.039 4.022 5.002 5.979 6.954 7.929 8.902 9.876 

-1.389-1.611-1.831-2.052-2.274-2.496-2.719-2.943 -3.168 -3.393 
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SHAFT ANGLE 135 


HELIX ANGLE O.O 


17. 0.00 
0.05 
O.IO 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 

18. 0.00 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 


0.967 
-2.468 
3.971 
-2.474- 
0.975 
-2.479- 
0.980 
-2.483- 
0.984 
-2.486- 
0.989 
-2.488- 
0.995 
-2.488- 
1 .000 
-2.488- 
1.006 
-2.486- 
1.012 
-2.483- 
1.018 
-2.479- 
0.966 
-2.460- 
0,970 
-2.467- 
0.974 
-2.472- 
0.979 
-2.476- 
0.983 
-2.478- 
0.988 
-2.480- 
0.993 
-2.480- 
0.999 
-2.480- 
1.004 
-2.478- 
1.010 
-2.475- 
1.016 
-2.471 


1.906 

3.361 

1.914 

3.373 

1.923 

3.382- 

1.933 

3.389- 

1.944 

3.393- 
1.956 

3.394- 
1.969 
3.393- 
1.983 
3.389- 
1.997 
'3.382* 
2.012 
■3.372* 
2.028 
■3.360* 
1.9’}5 
■3.355' 
1.913 
•3.367- 

1.922 

*3.376- 

1,932 

•3.382' 

1.943 

■3.386 

1.955 

-3.387 

1.968 

■3.385 

1.981 

-3.381 

1.995 

-3.374 

2.011 

-3.365 

2.026 

-3.352 


2.842 

4.27U 

2.854 

4.286- 

2,867 

4.297- 

2.882 

■4,304- 

2.899 

■4.3''’7- 

2.917 

■4.306- 

2.937 

■4.300- 

2.959 

■4.291- 

2.983 

•4.278- 

3.008 

•4.260- 

3.035 

•4.238- 

2.842 

-4.265- 

2.853 

-4.281- 

2.866 

-4.292- 

2.880 

-4.298- 

2.897 

-4.301- 

2.915 

-4.299- 

2.936 

-4.294- 

2.957 

-4.284- 

2.981 

-4.271- 

3.0D6 

-4.253 

3.032 

4.231 


3.779 

5.189- 

3.793 

5.207- 

3.809 

5.218- 

3.828 

5.225- 

3.85C 

5.225- 

3.875 

5.221- 

3.903 

5.212- 

3.933 

5.195- 

3.966 

5.174- 

4.U01 

5.148- 

4.038 

5.116* 

3.778 

■5.185* 

3.792 

■5.202- 

3.808 

5.214 

3.827 

•5.22C 

3.849 

•5.22C 

3.874 

-5.215 

3.901 

-5.205 

3.931 

-5.189 

3.964 

-5.168 

3.998 

-5.141 

4.036 

-5.109 


4.716 

6.114- 

4.732 

6.133 

4.751 

6.144- 

4.774 

6.149- 

4.801 

6.147- 

4.832 

■6.138- 

4.867 

■6.123- 

4.905 

• 6 . 101 - 

4.947 

•6.072* 

4.992 

•6.036* 

5.040 

■5.993- 

4.716 

- 6 . 110 - 

4.731 

-6.129- 

4.750 

-6.140' 

4.773 

-6,144 

4.800 

-6.142 

4,831 

-6.133 

4.865 

-6.117 

4.903 

-6.095 

4.945 

i-6.065 

4.990 

-6.029 

5.038 

;-5.986 


5.654 
7.042- 
5.671 
7.062- 
5.693 
7.<i73- 
5 . 720 
7.076- 
5,752 
7.071- 
5.789 
7.057- 
5.830 
•7.036- 
5.877 
■7.007- 
5.927 
■6.970- 
5.982 
■6.925* 
6.041 
•6.871- 
5.653 
-7.039- 
5. 670 
-7.058- 
5.691 
-7.069- 
5.718 
-7.071 
5.750 
-7.066 
5.787 
-7.052 
5.828 
-7.031 
5.874 
-7,001 
5.925 
-6.964 
5.980 
6.918 
6.038 
—6 . 864 


6.592 

7.973- 

6-610 

7.993- 

6.634 

8.003- 
6.665 

8.004- 
6.702 
7.995- 
6.745 
7.978- 
6.793 
-7.951- 
6.847 
•7.914* 
6.907 
•7.869* 
6.971 
•7.813* 
7.041 
-7.748- 
6.592 
■7.971- 
6.609 
■7.990- 
6.633 
- 8 . 000 - 
6 .664 
- 8.000 

6.700 

-7.991 

6.743 

-7.973 

6.791 

-7.945 

6.845 

-7.909 

6.904 

-7.863 

6.969 

-7.807 

7.039 

7.742 


7.531 

8,906 

7.550 

8.926 

7.576 

8,935 

7.610 

8.933 

7.652 

8.921 

7.700 

8,899 

7,755 

8.866 

7.817 

■8.822 

7.886 

■8.768 

7.960 

•8.703 

8,041 

■8.626 

7.530 

■8,904 

7.549 

■8.923 

7.575 

-8.932 

7.609 

-8.930 

7.650 

-8.917 

7.698 

-8.894 

7.753 

-8.861 

7.815 

-8.817 

7.883 

-8.762 

7.958 

-8.696 

8.038 

-8.620 


8.469 

-9.840 

8.489 

-9.860- 

8.518 

-9.868 

8.556 

-9.864- 

8.601 

-9.848- 

8.655 

-9.820- 

8.717 

-9.781- 

8.787 

-9.730- 

8.864 

-9.667- 

8.949 

-9.592- 

9,040 

-9.504- 

8.469 

-9.838- 

8.488 

-9.858- 

8.517 

-9.865- 

8.554 

-9.860- 

8.600 

-9.844- 

8,654 

-9.816- 

8.715 

-9.776- 

8.785 

-9.725- 

8.862 

-9.661- 

8.946 

-9.586- 

9.037 

-9.498 


9.408 

10.775 

9.429 

10.795 

9.460 

10.801 

9.501 

10.795 

9.551 

10.775 

9.611 

10.742 

9.679 

10.697 

9.757 

10.638 

9.843 

10.567 

9.937 

10.481 

10.039 

10.382 

9.407 

10.773 

9.428 

•10.793 

9.459 

■10.799 

9.499 

-10.791 

9.549 

■10.771 

9.609 

-10.738 

9.677 

-10.692 

9.754 

-10.633 

9.840 

-10.561 

9.934 

-10.475 

10.036 

1-10.376 
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TABLE 2 POSITICN AT WHICH UNDERCUTTING OCCURES IN TAPERED GEARS 


• *121. IIIIIIII I 

• • • 2. I 1/2 I i/3 I 1/4 I 1/5 I 1/6 I 1/7 I 1/8 I 1/9 I 1/iO 

• •• I I I I I I I I I 

Zl.ASTAR. IIIIIIII I 


SHAFT ANGLE 135 HELIX ANGLE 10. 0 

17. 0.00 l.D> 1 1.955 2.9 3.842 4.782 5.721 6.661 7.599 8.538 9.477 

-2.523-3.441-4.362-5.288-6.216-7.146-8.078-9.011 -9.945-10.880 
O.05 0.994 1.941 2.878 3.812 4.746 5.680 6.613 7.546 8.479 9.411 

-2. 514-3. 421-4. 333- 5. 25 C-6. 170-7. 093-8. 018-8. 944 -9.871-10.798 
0.10 0.988 1.927 2.858 3.786 4.715 5.643 6.571 7.499 8.428 9.356 

-2. 5ti4-3. 398-4. 299- 5. 206-6. 118-7. C32-7. 948-8. 866 -9.785-10.705 
0.15 0.982 1.914 2.842 3.763 4.687 5.612 6.536 7.461 0.000 0.000 

-2.492-3.373-4.024-5.156-6.059-6.963-7.869-8.778 0.000 0.000 

C'.20 D.976 1.9U2 2.862 3.756 4.664 5.576 6.508 7.410 8.353 9.276 

-2. 480-3. 345-4. U'j7-4. 92 2-5. 992-6. 743-7. 780-8. 559 -9.576-10.476 
0.25 0.97C 1.891 2.883 3.777 4.684 5.597 6.513 7.431 8.350 9.271 

-2.466-3.314-3.988-4.892-5.791-6.689-7.586-8.482 -9.377-10.272 
C.30 0.965 1.882 2.906 3.802 4.7C9 5.623 6.540 7.459 8.379 9.300 

-2. 451-3. 28C-3. 966-4. 85 8-5. 745-6. 631-7. 515-8. 398 -9.281-10.163 
0.35 0.960 1.874 2.931 3.829 h .139 5.654 6.573 7.494 8.416 9.339 

-2. 435-3. 245-3. 942-4. 82 C-5. 694-6. 566-7 .436-8. 305 -9.174-10.043 
0.40 0.955 1.881 2.958 3.859 4.772 5.691 6.613 7.537 8.462 9.388 

-2.417-3.233-3.914-4.778-5.637-6.494-7.349-8.203 -9.057 -9.910 
0.45 0.951 1.890 2.986 3.892 4.810 5.733 6.659 7.587 8.517 9.447 

-2.398-3.217-3.884-4.731-5.574-6.414-7.253-8.090 -8.927 -9.763 
0.5D 0.952 1.899 3.017 3.928 4.851 5.779 6.711 7.644 8.580 9.515 

-2.389-3.198-3.850-4.680-5.505-6.326-7.147-7.966 -8.784 -9.601 

18. 0.00 0.999 1.953 2.898 3.840 4.780 5.719 6.658 7.597 8.536 9.474 

-2.515-3.433-4.356-5.282-6.210-7.141-8.073-9.006 -9.940-10.875 
0.05 0.992 1.939 2.876 3.811 4.744 5.678 6.611 7.544 8.477 9.410 

-2. 506-3. 414-4. 326-5. 244-6. 165-7. 088-8 .013-8. 939 -9.867-10.794 
0.10 0.986 1.925 2.856 3.785 4.713 5.641 6.570 7.498 8.426 9.355 

-2.495-3.391-4.293-5.201-6.113-7.028-7.944-8.862 -9.781-10.701 
0.15 D.98G 1.912 2.839 3.762 4.686 5.610 6.535 0.000 D.OOO 0.000 
-2.484-3.366-4.026-5.152-6.054-6.959-7.865 0.000 0.000 0.000 

0.20 0.974 1.900 2.857 3.753 4.663 5.574 6.507 7.430 8.352 9.275 

-2 .47 1-3. 338-4. 0U9-4. 923-5. 988-6. 744-7. 777-8. 674 -9.573-10.473 
0.25 0.969 1.89U 2.878 3.774 4.681 5.594 6.511 7.429 8.349 9.269 

-2. 458-3. 3 07-3. 989-4. 893-5. 792-6. 690-7. 586-8. 482 -9.377-10.272 
0.30 0.964 1.880 2.901 3.798 4.706 5.620 6.537 7.456 8.377 9.298 

-2.443-3.273-3.967-4.858-5.746-6.631-7.515-8.398 -9.281-10.163 
0.35 0.959 1.873 2.925 3.824 4.735 5.651 6.570 7.49i 8.414 9.337 

-2 .427-3.240-3.943-4. 82 0-5.694-6 . 566-7.436-8.305 -9, 174-10.043 
0.40 0.954 1.880 2.952 3.854 4.768 5.687 6.610 7.534 8.459 9.386 

-2.409-3.227-3.915-4.778-5.637-6.493-7.348-8.203 -9.056 -9.909 
0.45 D.950 1.889 2.980 3.887 4.805 5.728 6.655 7.584 8.513 9.444 

-2.390-3.211-3.884-4.731-5.574-6.414-7.252-8.089 -8.926 -9.762 
0.50 0.951 1.898 3.010 3.922 4.846 5.774 6.706 7.640 8.576 9.512 

-2.382-3.191-3.850-4.679-5.504-6.326-7.146-7.964 -8.783 -9.600 
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"^uk solution of the equation (2.48). Erom 

equations (2. 14) and (2.15), we get 

6(S\-0^ CO^+a) 

^uk ^ — — : . 

i2jri: coj, 

®uk = ®k ^Uk ^ - ’^1 
^luk = - ^\,k* 

The distance at which undercutting starts is given by ' 

^2uk " ^^■x2k ■*■ ^2k^ ^ “os 2.50 

22uk = 5 'z2 cos 
s.iid ^lixk ”** ^■'jik ^os 

where, k2k ~ I^^x2k^®uk’‘i*luk^ ’ ^2k^®uk’*^lijk^ ’ ^'z2k(®uk’‘*’luk^ ^ ^ 

Here r , Zp^ and are non-dimensionalized with respective 

to nominal pitch radius of the cutter. This is done for the sake of 
convenience is use. 

It can be observed tint undercutting depends on Z^, 

ipQj '"* ^ome sample results for different set of these 

■] 

parameters are given in Table (2) 

2.10 Curvatures at the contact -point. 

The normal curve on a surface is a curve obtained when a 
plane containing the normal, at that point of the surface, intersects ; 


1 


Eor more results see [22] . 
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The curT''ture of normal curve is called the normal curvature of tte fu. 
Out of tne infinite positionsof the plane, (the plane can rotate 
about the no min.?.), at two positions normal curvatures, attain 
maximum and minimum values. These curvatures are called principal 
curvatures. Principal curvatures are used to find the contact zone, 
the contact stress, the surface durability ratings and for analysing 
the interference of the surface, if any. 

The principal curvatures of the generating (pinion) suirface 
are found easily because of its relatively simple geometry. Generally, 
the expressions for a generated (Gear) surface are more complex then 
those of the generating (pinion) surface. Tbr this reason, defining 
the principal curvatures of a generated surface becomes more difficult. 

Many investigators have found the principal curvatures of 
the gear tooth indirectly [8] [15] [16], Litvin [17] related the ;^rincix" 
curvatures of generated surface with those of the generating surface an>. 
the parameters of motion ^ . In the subsequent development use will be ■ 
made of the results of his investigations. 


2. 10. a Basic formulas 

1° Prom the differential geometry [24] , we know that the 

curvatures at any point of the surfaces on the normal plane containing 
1 

the vector are given by 


V: 


r • hr 


i = 1,2 


2.51 


1 


See appendix III. 
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where, is the velocity of the point in motion along the 

surfao® and is given by 

de 9R^ d\ 

Vy - + , 

90 dt 91 dt 

9^ is the velocily of the tip of the unit normal when 
the contact point along with the noimal is in motion 
on the surface and is given as 



‘is 3Si 

+ ^ 

00 dt 91 dt 


2,53 


e. is the unit normal to the surface 

and 0 ,1 are the parameters of the surface. 

Ihsitive sign of indicates that the nojrmal vector points 
towards the center of curvature. 

2" Oto find the principal curvatures, Xj nnd Xjj j of surface 

at the contact point, Rodrigue's foimula is used, according to 

which. 




2.54 


where, I, Il-indices of principal directions. Along the principal 
directions and y”' are collinear and the following relation 

holds good. 


*1 ynri _ aA 
'“xr'^^xr ~ 


e 



1 

zr 


2.55 
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To find the principal curvatures of generated sixrface, the 

following formulas are used ■ [17 3 • These are more advantageous 
in practice than the use of Eodrigue's formula. 


3° The principal curvatures, and of the generated 

are given by [Appendix III ] , 

^ f’=)/C2a]/2 

2,56 

XiY = [Xj + Xtj + S - CXj - Xjj + G)/C20]/2 
where, tan(2a) = 2F/[Xj - Xjj *j]» 2.57 


F 


^31 ^32'^^* 


2.58 


8 = [^31 “ 

8 ~ ^^31 


2.59 


:i2 


_12 


D* = b3 + Vj a3^ + Vjj a32 , 


2.60 


b3 = e .[02 X (Q^ X X COo X + A X O 2 )], 


_12 

^31” ^3l’ 2 i2’ ~ ’ 


2.61 

2.62 

J 


-12 

'ir 


2i2’ “ ^II ’ 


2.63 


-12 -12 - 

= V, • ir > 

I "1 "■*• 


2.64 
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2.65 


a ~ angle between the directions of Xj and Xjjj» 

ijj units vectors along the directions of Xj and 

Xjj in the fixed co-ordinate system., 3.^ , 

- 12 

- relative velocity vector at the contact point 
in the fixed co-ordinate system, S.j. 

2.10.2 Principal cxirvatures in tapered gears 

The principal curvatures in this case are found using the 
formulas given in the preceding section. 

1° The principal curvatures of the generating surface, 5:.j, are 

found using equations (2.54) and (2.55). The vector 


= [X tan 0C0y+0*S0j.0^, X tan 0S0j,-0*C0j^_ X]"^ 

is obtained using equations (2.6) and (2.52). The vector is 
given as [equations (2.9) and (2.53)] 


e] = [S0i,C0 0j^, -C0j^ C6 

Using equation (2.55) one finds, 

a. for principal direction I > \ ® 

» 

and b. for principal direction II, X = 0, 
How equations (2.68) and (2.54) yield, 
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Xj = 0 and Xjj = - C3/e* 


2.69 


The involute helicoid is a ruled surface. Tbr a ruled surface, 
one of its principal curvatures is zero which is also seen from 
equation (2.69). The unit vectors along the principal directions 
are found using the following expressions. 


and 










icej^ S3, SGj^ S3, C3]’^ 


[S0i^, -C0J., 0]'^ 


2.70 


2.71 


2° Tne principal curvatures of the gene rated -surface are 

found using equations (2.56) to (2.65). Vectors e. , i_,iT.T.,R. 

1 2 

and V^ are expressed in the fixed coordinate syston by the 
following 


0 ^ = [-C3 C§j^, -C3 S3]’^ 


2.72 


m CP C3] 


2.73 


i 


II " 




- V > 



2.74 




2.75 


and 
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j ^21 

1 ~ \ ^ ^21 i 



^ ^21 SI] 

2*76 

The vectors 

as follows 

2l ’ ^2 ’ ~1? ^ found, refering to Figure 

[5] : 



2i = [o,o-,i]^ 

2.77 


22 =■- ^21 "21 CI]^ 

2.78 


S 12 ~ '^21 SE, 1 - i2j^ CE]'^ 

2.79 

and 

A = [-a, 0, 0]^ 

2.80 


Wow, usjjag the preceding equations one can write, 


b, = -CCV0iJS$j,)i 2jSSSg+Ai2iSSS5)j^C3-ai2iCEC3>j^CB 2.81 

-qo 

Vj“ = SB(i-i2qCS)-Xi2ySEC$pS3-ai2iCES$^S6 + 

+ - 0,* C$j.+cl i2q SEC0 2.82 

= 0*(l-i23CS) - Ai2iSES$y + ai2qCEC®b 2.83 

^31 = i2i SI C$}, 

and = [0jJi2iSES$j^S6-Ai2qSES$kCB+ai2qCEC$j^Ce]/0* . 2.84 


SChe principal cxmratures of the generated surface can be foxind 
using equations (2.56) to (2.60). The angle a is calculated 
using equation (2.57). 



CHAPIER 3 


PRESSURE aHGIE 

In. this chapter} the method for calculating the pressure 
angles for higher kinematic pairs will be given. Using this 
analysis} a general formulation for the pressure angle of the 
tapered gears will be developed. 

3 . 1 Pressure angle in higher kinematic pair. 

The main function of the gears, or for that matter any machine 
element, is to transmit motion and/or power. The efficiency of 
power transmission is to be considered for judging the suitability 
of a machine element for any particular application. The mechanisms 
which will come in the purview of this chapter include plate cams, 
cylindrical cams, geneva wheels, gears etc. 

The maximum stress which the surface can bear at a given 
contact point depends upon their material properties. The pressure 
angle provides us a measure of how efficiently force can be 
transmitted from one surface to the other contacting surface. 

Let two surfaces and , hinged at 0.^ and 0^ 

respectively, be contacting at the point P at any instant 

1 1 

[figure 7] . We assume that Vg and e are the absolute 
velocity and unit normal vectors respectively in co-'.rdinate 
system S..J which is fixed to surface Z^. Now P^= . (fe )1 
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is the power transmitted at this instant* Here^ the absolute sign 

is used to permit the arbitrary choice oi the sign of the vector e . 

Itor a given force ^ ]?, the maximum power P which can be transmitted 

max 

at this instant is S'lv^j . it can be seen that the ratio |Y 0 *^§|/ 

1 

Isss than or equal to unity. Hence, we may write 


Cos [Tjj(0,x;)] 


1 yl ^ g 1 1 


lYjl 


3.1 


1 1 

The vectors V and e can be evaluated from the following 


and 


V = n, X p. 
~e ~1 ~1 

, ap, 


30 


H/ I V » 

ox / 'TS' * »JI ’ 


Here, 0 and X are parameters of surface is the angular 

velocity vector of and is the position vector of point T 

[Sigure 7] • Oliese vectors have to be evaluated at the contact 
point. libr conjugate surfaces it can be found using equation of 
contact. 


It may be noted tiiat the pressure angle does not depend upon 
the nature of surface as long as contact between and Zg 

is at P. It may be also be observed from equation (3 *1 ) that for 
high pressure angles the power transmitted will be less than the 
material would permit normally. In the following section, an 
application of the formula developed above is given- 

3.2 Pressure angle in taperd gears 

It was shown in Chapter 2 that the pitch sur'.ne of the pinion 
in mesh with the tapered gear is either conical or hyperboloidaJ. 
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[see section 2.2] . Consequently, the pressure angle of the set 
changes along the face of the tooth. Also, it has been observed 
that if the point of contact and the surface 2^ of the pinion are 
known, the pressure angle of the gear combination can be easily 
found. The geometery of the pinion is simpler than that of a gear. 
Therefore, the expressions for the pressure angle will be derived 
considering the pinion geometery. The steps involved are given 
below. 


1 

3.2.1 The velocity vector V is given by 


Ye = 3i 5i 


U, R 


5}‘ 


‘VI ’ -xr 

where, and are the components of the vector R^ along 

the respective co-ordinate axes [equation 2.6]. 


3.2 


3.2.2 The unit normal can be written as 

= [-C0], CB, -C0J, CB, SB]"^ 5.3 

3 . 2.3 The pressure aiigle, , is given as, 


= Cos 


-1 


CB 


.2 

xl 


A 




2 U/2-' 


3.4 


3.3 Pressure angle at points on pitch siirface. 

Equation ( 3.4 ) is valid for any point on the tooth surface. 
Generally, in gearing the designer is interested in the pressure 
angles at contact points on the pitch surface. Using equations 
( 3 . 4 ) and ( 2 . 4 ), one can find 
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a = a(E*,X*) = Cos’^ [ 

(■£*2 ^ ^^* 2 ^ 1 / 2 -“ 

where 

3(121 ~ ^21 ^ 


(1 - 2 i2i CF + 


^21 5S X Sec g 

X* = — 

1 - X2T^ C I 


3.5 


3.6 


3.7 


and a is the pressure angle at contact points on the pitch surface. 

ELgiire 8 shows the variation of the pressure angle with 
and X*. 

For external and internal spur gears, E = ir and E = 0 respect- 
ively. For these cases the equations take following form 


_1 ^ - ^21 
a = Cos ■■ [ : ] 


a 1 


21 


3.8 


Here, upper and lower sign are for external and internal spur gears 
respectively. Equation (3.8) is a familiar expression for the 
pressure angle in the aforementioned cases. 

Similar expressions of pressure angles for spur tapered gears 
were derived earlier in the references [ 5] [121 . For involute curve 
the pressure angle at any point on curve is given by 
1 

Oos ip = ^ y where r is the radius of cylini-^r on which the 
point lies 4 This property of the curve was used to find the pressirre 
angle* It is to be noted here that the eqmtion (j.1 ) can be used 


for any surface 



CHilPTER 4 


DURATION OP CONTACT 

Og 6 oi "tiiB iinpo ir'tSG'b fa.ctoi'S in "tiiB dssign of goaps is "ths 
pi«portions of the tooth. These must be so chosen that the 
second pi-dr of mating teeth is in contact before the first pair 
goes out of contact. 

The boundaries of the tooth surfaces are established by the 
shape of the blank on which the teeth are formed. The volume 
common to the blanks of a pair of gears is the region of mesh. 

Only those portions of the surfaces of action lying with in the 
region of mesh are available for motion transmission. Purther- 
more the action limit curves [19] place on additional limit on 
tooth action. These restrictions establish the boundaries of 
effective surface of action [19] . 

'The extent of the effective surface of action determines 
the amount of rotation of the gear during which one pair of the 
tooth surfaces reiaHinu in contact. 'The ratio of this angle of 
rotation to the angular iiitch is the contact ratio. The duration 
of contact is mousi rod in terms of contact ratio. Contact ratio 
is sometimes refferud to as average number of tooth in contact or 
total contact ratio. 

Here, for calculation of theoretical contact ratio it is 
assumed that no tip relief exists in the g -rs. 
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4.1 Contact ratio of gears having line contact. 

Thu contact ratio of gears can be found using the concept of 
the field of contact [5 j [12] [13] [21] . In this method, it 

becomes necessary to draw the field of contact to have an idea of 
where the contact starts and ends. Hie concept of field of contact 
is extended here using the concept of oets. thereby eliminating the 
necessity of computing the boundaries of the Held of contact, the 
lines of contact and subsequent plotting. 

Let the set be the collection of points contained in the 

physical dimensions of the jdniou. 

Cj = {x| 0, i = l,n} 4.', 

Here g^'s are the n-surfaces which define boiondaries of the blank. 
Tbr on-center tapered gear these surfaces are: the face cone, the 
front cone and the buck C'lno. In this case, n = 3 [ligure 5] . 
Similarly, a fjet (!,, is defined for the gear> The intersection 

fm 

of these two ;ietj cotioti tutv. thi.^ ri,\don of manh. J-r R is the 
set of the oo'l lection of pun in in the region of ineoh. tuen 



Consider the nurfacc of action an mapping 
I'c * 

2 3 

Here, li' K" are tiiu spaceu of 2 and drac' ■. i.ons respectively. 



Let a set 


•)0 


A H {nlh^(P) _< C, i = 1,2} 

wher® > ^ dsiiner^ the siction limit curve i.'i9j od. contact 

surface. IJtor an involute spur pinon, 

-h "" •>. '*1 ‘ 


with above dei’inatioun , the condition for physical contact between 
the teeth sui'faces is expressed mathomatically as 


Pc(0) r. P a n f: n A 4.4 

where, 0 - 

Cl - scalar partuneter of tooth surface, 

- scalar paranictier of motion that is angle of rotation 
of pinion 

and ■'P - uet of ?i collection of and G . 

The contact ratio in fouuvl by using the eyrreosinn, 


''y" 


1 1 allX ‘ .1 Tl iii 


4.5 


where , 

2V74 

In the: 

an, 'ulnr pi toll of ^hc 



i'ar __^v' 

1 * 7r' j'M 1-c 


lYdX 

nt.~ n A 

and 

mx 

Ai’- .4 
OK^n/. 

1 , 7ul:i«ot to 3c 


4 .6 


4477 
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In finding the, contact ratio from equation (4.5) the main problem 
is to evaluate the given by. the expressions ( 4 . 6 ) and (4.7)4 

R procedure to evaluate these is described below. 

Mostly, it is easier to estimate the set $ . Here it is 
assumed that the set $ is given as 

^ = [glo s Iq, 

where , Ip s [bIg^ ^ ® 

here, <|)^ and are so chosen that, 

P.cC 0 , 4 b ?! P V 0 £ and c A 

4.8 

and p.^ ( 0 ,^^) ?! R V 0 e Iq and [ 0 , 4 ^] e A 

The intervals I» and I are problem dependent. In case of the 

0 4 

involute spur pinion the parameter 0 corresponds to the angle of 

development of the involute cuirve [Figure 2 ] . !Ihe contact 

point in this case can not go beyound the ba§e cylinder and the 

external cylinder of the pinion. 'Thus, = [O, 0 p . Here, 0^ 

is the angle of development corresponding to the external cylinder. 

The interval T'^ is dependent on the type of gear set and the 
9 

coordinate system. I'or the spur face gear set and for the 
coordinate system used, it can be taken as - i.“62(2ir/Zj^) ,6 j^(2tt/Zj^)] . 
Here 6^ is the arbitrary constant such that, 6j_ > 1 • Ibe efficiency 
of this procedure depends to a certain extent on the choice of andlg. 
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In cases where the set $ = I is known it is possible 

cj) 

to evaluate ^ and by adopting a systematic search. 

Let, A0 and Afji be the increments in 0 and (j)^ respectively and 


= inteyor [(0^ - (■•?') /LO] + 1 


4.9 


Ihe method then consists of the following steps. 

Step 1 Set, 0 = 0^,A4)j^ = A<|) and (j)^^ = (}i^ 

Step 2 = 5c ^1 

Step 3 If any satisfies equation (4.4) then go to step 5| 

if not, next step follows. 

Step 4 <})j^ is incremented by A(|)j^ . Step 2 is repeated 

Step 5 If A<^j £ e where e is a specified accuracy; the 

procedure terminates and . Otherwise, 

A^)]^ is halved and the procedure is repeated starting 
with step 2. 

2 

Similarly, using the preceding steps, and setting <{)j_ = ^ 
and AtJ), = - 6-, , is estimated. 

i. IHISX 

This procedure may be easily adopted for computer programming. 
The use of the method is illustrated by an example in the last 
chapter. 

4.2 Contact ratio of gears having point contact. 

In this case the contact point is defined by the given 
parameter of motion^ • The procedure described in the 



previous section is modified to suit this condition. The modified 
procedure is as follows. 

Step 1 Setj = 4)^ and = Ad 
Step 2 Find + AA]i) 

Step 3 If l-c satisfies the following condition, 

e i n A 

where, d set of collection of then go to step 5, if not, 
next step follows 

Step 4 4i is incremented by A^^ . The procedure is repeated 
starting with step 2 

Step 5 If £6 , the procedure terminates and 4.^ ^^ n~ ^ 

Otherwise, is halved and once again start with step 2. 
2 

Similarly, setting 4i= 4 and = -A4 , 4^j^g^ is estimated 
following the preceding procedure. 



CHiPTEE 5 


/iSALYSIS OP PACE GEARS 

The fac-j gear is a particular case of the tapered gear. A 
tapered gear is termed as a face gear when the gear and pinion shafts 
arc at right angle. Here face gears in mesh with the cylindrical 
pinions will' he considered. The pinion considered have the teeth of 
either involute spur or involute helicoid form. The gear with spur 
pinion is temed as the spur face gear. The gear in mesh with helical 
pinion is termed as spiral face gear. The face gear is generated hy 
a cutter substantially of the same size and form of the pinion. The 
gears may have either intersecting axes, forming the on-center gear or 
non-intersecting axes, forming an off-set arrangement. The on-center 
face gear set is functionally identical with a bevel gear set. In both 
those cases, pitch surfaces are conical. 

Face gears have the same types of limitations on face width as 
discussed earlier in chapter 2, Here the limiting inside (minimum) 
diameter is governed by the undercutting of the tooth. This diameter 
is always larger than the diameter vjhere pressure angle on the pitch 
surface is zero [2] . The maximum usable out side diameter is the 
diameter at which the teeth become pointed. This constraint may be 
relaxed in some case for practical reasons [2] . Equations for 
tooth profile and curvatures and the conditions of undercutting and 
pointing are developed in the first few sections of this chapter. 
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The problems of localization of the contact, finding the contact spot 
and the contact zone, evaluation of contact stress and the surface 
durability rating are discussed in the remaining sections. 

5,1 Spiral face gears 

The contents of Chapter 2 Tirill be used for finding the equations 
applicable to this case. As mentioned earlier, for face gears the 
shaft angle is degrees. 

5.1.1. Contact line, surface of action and conjugate tooth surface 

Substituting in equations (2 .14), (2 ►I5), (2 *16) and (2 *17) S = 
wo get tho following s 

a, tho equation of contact, 

Cl - io-itan B(S$i.-(05,+n)C®^+a)) 

X = ” "" 5.1 

^21 ^ % Sec^^ 6 

b, the equation of contact line; 

'[s Sk - q c 9^] 1 

X i 

j 

c, the equation of contact surface 5 

i \ ~ ^ I 

!?c =<-[C ^ + 0^ s \] 

X 

and d. the equation of gear tooth profile. 
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‘S' 2 k 


[CSV^i^ c C (j)2 - XS <^2 a C (}>2]1 
i -[(S$i,- 0 ^C$ 3 ,)St .2 + <1,2 + a S ^3] i 

^-[c ^ e* s $j^] 


; k = 


U,L 


Here, X is given "by equation (5.I) 


5.4 


0* = 0jj - X text e ? rij^ 

'^k “ ®k ^ h 
and ' ^2 = ^21 ^^1 


5.1.2. Addendum surface of the face gear 

The addendum surface of the face gear is a plane [Section 2.7.1] , 
.cl' ^2 ~ ^ 

where, r£ = [ 1-2 / Z]^]/cos 


Here, cutter or pinion is assumai to he standard, that is, £ 

’ ’ on 

5.1.3. Pointing of the gear teeth 

The condition of pointing, equations- (2,39) and (2,40), 
a simple form, 


’In 


= 0 


assumes 


r„ + E = 0 , k = TJ, L 
i z2k ’ 


^x2U “ ^x2L " ° 


and 


R j,.. “ R =0 
y2li y2L 


5.5 
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whore, ^y2k \2k respective components of vector 

dofincd hy equation (54)* 

PexarAeters, obtained from the solution of equations (5.5), are 
suhsti tu.ted in equation (2.42) to get the radius at which the pointing 
starts on the gear tooth. 

5,1.4 Undercutting of gear teeth 

The condition of undercutting is obtained when v/2 is substituted 
for 2 in equation (2.48). The form of the condition becomes 

(i 2 j^ tan 6(8 + a) S - G [8 - 42^^ tan 3 . 

+ a)] + i2i 8^ 0*^ tan 3 - i^^ 

0 ke ^ a) = 0 5.6 

It can bo written in the general form as 

F^C'-V.) = F 5.7 


5.1.5 Curvatures 

The })rincipal curvatures of the pinion tooth surface can be 
obtained from cqua Lions (2 '.69). The principal curvatures of the gear 
tooth surfricc! 5410 found using equations developed in Section 2.10,2, 
The expression c for the gear under consideration are given below % 


SI 


hi ^ 


^32 


'21 ^ 1 . 


^ 1 * 


[0* G3 - 1 C 3] 


5.8 


5.9 
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D* = 

^21 

K 

[Of. C 3 C 


+ s $,,) 

Jl'. 

- C 3(0 





- x2 



1 

[Xt + Xii 


- Xii + 

r. 

^III 

" 2 



~ * S] 





cos a 




[xj + XlT 

_ >'d ' 

- Xtt ' 



_ 

2 



- + S] 




CCS a 


tan 

2a = 

2F/CXJ - 


•3) 



^ “ ‘^1 ^52^®* 



a . - 


and 

S - + 

a^2)M 


5,. 10 


2.56 


2.57 

2.58 


2.59 


5,2 Face gears in mesh with spur pinion [surihee gear] 

The sjxir face gear is a particular case of the spiral face gear. 
For this case helix angle, 3 , is equal to zero. The equations applicable 
are obtained using the contents of the previous sections, 

5.2.1 Equation of cent, 'act, contact line, surface of action and 
conjugate tooth profile 

Substituting = 0 in equation (5*1) we get,. 


X - 1/C = 0 


5.11 


Similarly, equation of the line of contact, the surface of action and 
the conjugate tooth profile are obtained. These axe as given below s 
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" [S % - 0* C 0k] " 
HC 0k ^ 0^ S 0^] . 



f [B - 0* c ^kll 

I 

i-rc 1;: * 3 ^kU 


) 

I 


A 


and 



i C - X S $2 + 3 . C 

^2 ^ ^ ^2 ^ ^ 

h[\v] 


^2^ ' 
^2^ I 


j 


vfhere, 


5^c 


[R, 


p 

cx» ' cy 


^cz3 » “ ®k ■*■ 


\ = ©k + <J>i isnd k = U,L 


5.12 


5.13 


C 

^ • 


14 


5.15 


Slightly transformed versions of these equations have been derived 
earlier [ 5] {1 1] [12] . 

5.2.2 Pointing of gear tooth 

The addendum SL'rface of the gear is given hy the equation (2.26). 
The condition of pointing for the case of spur face gear is written as 


^ ^Z2k = " 


^x2U " ^x2L " ° 


5.5 


and 


R - R =0 
y2U .y21‘ 


where, , Is given hy equation ( 5 .I 4 ) 
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and — ( 1 “ 2/ )/co s 

Equation (5*5)> in general, is represented as 

Ep (2) = 9 ^ where, 9 = [0,^,, 9^, 

The limiting rcdius onn be evaluated using equations (2.42). 

There axe four equations in the set of equations (5. 18) or (5.5) 
and there are four unlcnowns. The first two of these equations have 
simpler forms and can be used to eliminate two of the unknown from 
the last two equations. It will then be a set of two equations in 
two unknown. The conditions of pointing in this form have been derived 
earlier [5] [11] [12] . 

5,2.5- Undercutting of gear tooth 

Tl'iG condition of undercutting for spur face gear is obtained 
from equation (5.6) considering 3=0. As a result, the condition 
becomes 

* ^21 * S «k - C \ = 0 5-lS 

Lot be the solution of this equation. Uie radius at which 
undercutting occurs is obtained considering, 

^2uk = [C\x ^ “o , or ■ 

^ Cl/i2i C cos a^, [k = U.L] 5.20 

The limiting inner radius will be the larger of the two obtained 


5.17 


5.18 


from the preceding equation. 
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5.2.5. Curvatures 


principal curvatures of the gear tooth surface of the 

spur face gear is ohtainoi hy substituting 0 in eauations ( 5 . 8 ), 

(5.9) and ( 5 . 10 ). The curvatures are found from the following 
equations 


■^31 "" h.i \ 

^32 “ “^21 ^ 

Xiii " tXj + Xji + s + (Xj - Xjj + G)/C 2 a ] /2 

Xiv = [Xj + Xii + 5 - Cxj - xii + G)/C 2a] /2 

tan 2a = -2A S $j,y(S + a] 

c = i^l c2 $J. - x2 s2 D* 

K 

and S = <1^ + 


5.21 

5.22 

5.23 

2.48 

5.24 

5.25 


5.3 Contact localization in hypoid spur face gears 

The need to localize contact in gear teeth arose from 
the fact that a localized contact maJces the gear less sensitive to 
assembly and manufacturing errors [2] . The contact conditions can 
be appreoiatly improved by suitable localization [ 25 ] • Coniflex 
bevel gears have better performance characteristics than the conventional 
ootoidal bevel gears. In ihese gears, the localization is achieved 
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ty croming the teeth. Face gears are gireti the effect of oroTOiing 
hy the selection of cutter having one or more teeth than the mating 
pinion [25] . 

In this section, the contact localization for the spur face 
gears in mesh with the cylindrical involute spur pinion is considered. 
The contact is localized at the midpoint of the tooth width. The 
formnlas to calculate the main geometric propotions of the pinion 
and assembly distances axe developed here. 

In face gear transmission, if the number of teeth of the 
pinion and the cutter are equal than the contact of teeth surfaces 
is along a line. The contact may be localized by taking a different 
number of teeth of the cutter than in the pinion (Z^ ^ [2][25] • 

Consider that the surface F of the cutter generates the 

surface Sg gear and of the pinion sinultaneously. Surfaces 

and ^2 l^sve the same relative motion as that whoi they mesh with 

each other. Surfaces F and have internal meshing. Let the line 

of contact between F and E be and the line of contact between F 

1 1 

and ^2 ^ 2 * lines lie on the surface F. In general, 

these two lines will not be coinciding with each other but will have 
a common point M (point of intersection of and ^2). Since the 
point M belongs to both the lines of contact, surfaces and ^2 
be in point contact at M and will be having the desired relative 
motion. From this inspection it is seen that, if the cutter geometry 
is different from that of the pinion, there will be a point contact. 
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5,5.1. Line of action 

!Eh.e line of action between the gear and pinion is the curve of 
intersection of the two surfaces of action. These two surfaces are, 
the surface of action between cutter and gear and that between cutter 
and pinion. 

The pitch point P of the cutter and pinion is the point of 
intersection of the common tangent to their respective base circles, 

r^^ and r^^ [Figure 9 ] , with the line of centers joining 0^ and 0, 

In the fixed coordinate system, S^, the line of contact passes 
throng the point of contact 1 lying on one side, say U, of the cutter 
surface F. The point M has an angle of development of involute curve, 
®ou “ ®ou ”■ ^0 [Figure 9] , From Figure 9 it is seen that 

“ ®0U " constant 5.26 

where, a is the pressure angle between the pinion aid the cutter. 
Similarly, for the pinion 

Following expressions are obtained considering the cases when the 
contact point M lie on sides, U and L, of the cutter and the pinion 
surface, 


•I. ' % 1 -. * ^0 ' “ 


ok K 0 


®lk ~ ®k ^1* ^ ” U,L. 


and 
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igairijfrom Figure 9, it is seen that 

= a = cos ^ [(r^Q - 5^27 

where, - center distance, ■ 

To find the line of action, between surface and i't is 

sufficient to srnultaneously consider equations (5,27) ani (5.I5). 

This cons i3.e ration reveals that the line of action is tangent to the 

base oirolos of radii r^ and r^ and lies on the plane 

0 °1 

Zl = l/(i2o C a) 5.28 

By choosing the correction factor, suitably, the contact 
is localized at the middle of the tooth width. The procedure to choose 
the correction factor is given in the next section. 

5,5*2 Geometrical calculations 

It is assumed that the following are given 

a. parameters of the cutter (Z^,m, f^, c^, and a^) 

b. transmission ratios, i. = Z /z„ and i , = Z,/Z . 

’ 2o 0' 2 ol r o 

and c. non ■^imensionali zed off-set 'a*. 

Tl.i.e ca.l.cula':ion of correction factor, 5^, and assembly distances 
consists of. the following steps. 

1° Tlie internal and external radii, r2^ and are chosen to 

avoid the undercutting and pointing of the teeth. The 
limiting dimensions can be determined using tne contents of 
sections 5*2.5 and 5*2.2. 
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FIG. 10 NOTATION FOR HYPOID FACE GEAR MESHING 
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The pressare angle of pinion and cutter is found using the 
following equations. [Figure 10] 


^ 2 e ^/2 


and 


- a2)l/2 = l/Cijo C a) 


5.31 

5.32 


Hews, is the mean radius of gear, gives the position of the 
plane containing the lino of action of surfaces 1. andz«. For 

I 

direct calculations of the pressure angle the following esspression 
is used, 

cos Ct = * ^2e)/2)^ - 5.33 


Correction factor, is now calculated [8] 
^^0 - ?! 


inv a 


tan a - inv 

<•«•*/% "** M "t 


•'0 - "1 

or = (Zq - Zj^) [inv - inv a]/ (2 tan a^) 


5.34 


Hore it is assumed that « 0. 


The distance, from the axis of pinion to the median axis 
of gear is given by [Figure 10] 


c, " 5'.'-/2 [z - ~ Zj) cos ttQ/cos a] 


5.35 


The oxitomal radius of the pinion is found using 




5.36 


Referring to Figure 9f "tHe distance, between the aoces 
of cutter and pinion is found from 
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• ~ Zj) cos o>q/ (2 cos oi) 5 27 

whore - addendum f actor | generally, = 1. 

54 Contact spot and contact zone on the tooth airface 

In this section, discussions are confined to the surfaces 
hairing point contact. 

Surfaces of the gear teeth undergo an elastic deformation 
under load and at any instcnt they contact each other on an area 
around the point of contact. This area of contact is known as a 
contact spot. As the gears rotate, these spots move on the gear teeth 
along vdth the theoretical point of contact. The total area swept hy 
hy contact spots on a tooth surface is called the contact zone 
[Figure 11], 

The form of a contact zone, to a great extent, is influenced 
hy the direction of the line of action. The dimension of the contact 
zone is determined hy the size of contact spot. 

If tho ccntaot zone has some general inclination with respect 
to the median line of the tooth width then, it is said to ha:7-e a diagonal 
character. In such n, case, when gear rotate, the change of the distance 
of the point of application of the normal force between the tooth and 
the supports of the gears give rise to variations of the support 
reaction. This is not a desirable situation. In case of the spir 
face gear, the contact zone has a favourable form, since contact zone 
does not have a diagonal character. [Figure 11 ] . 
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FIG. 11 CONTACT ZONE AND CONTACT SPOT ON PINION 
TOOTH. 

ON-CENTER FACE GEAR: S » l !/2 - Oj <3 - 0,21 = 18-, 

Zo = 20, i 2 t «*25 , m = 5 men, R = TOO H 9 AND <>< 0 = 20 : 
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In th-is section^ a iiie1ih.od is described "to find the contact 
zone on sjun face geax teeth.. It is assumed that following are known s 

a. the principal curvatures at points of contact 
h. the location of points of contact 
and o • the angle between the two sets of the directions of liie 
curvatures [Section 2,10.1 ] 

5.4.1 Condition of intersection of two surfaces in the nei^hourhood 
of a contact point. 

Prom differential geometry it can he shown that the normal 
deviation i at point P in the neighhouihood of M [Figure 12a] is given 

by [24] 

A = 1/2 x(n^ + = 1/2 XP^ 5.38 

where, p = MP, P and t axes lie on the tangent plane at point M. and C 
are tho co-ordinates of point P. ^ is positive along the direction of 
the normal u and x is the normal curvature of the surface on the plane 
containing e and [Figure 12a3. Let IN gives the direction of the 
normal' plane corresponding to one of the principal curvatures of the 
surface at point M, Figure 12a. Euler’s formula for curvature of the 
surface in normal piano passing throu^ MM’ gives [24] 

X = Xj q + Xii ^ 

where, q » v - a [Figure 12a] 

Xj ~ principal curvature in the direction MN 

Xii 


second principal curvature. 
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Equations (5.38) and (5.39) maijr "be used to find £, Ihese 
two equations also define the surface in the neighhouihood of point 
M provided and Xjj axe known* The value £ is called nomal deviation 
of the surface at point M’ . 

At the point of contact of two surfaces, one has to make sure 
that in the neighbourhood of that point two surfaces do not intersect* 

To achieve this, values of £^^^l i = 1,25 haii'e to he compared. 

Let and he the angles corresponding to the directions 
of the principal curvatures Xj and x^^j in the coordinate system, n , c 
and ^ [Figure 12h ] , How, using from (5*59) we may write, 

2£‘^^^ = p.^ [Xj C2(v-cr^) + Xjj S^Cv-a^] 

5.40 

2£‘^^^ = (Xjjj (v-a2) 

The oleaxenoe between the surfaces at a distance P from point M is 
found from, 

5.41 

It is seen from equations (5.40) snd (5*41) that will change with the 
angle v. If the sign of , for constant value of p , he same for 
all values of v , it mesiio that in the neighbourhood of M airfaces 
a 3 id ^2 <^0 intersect. For visual inspection, should he 

preferably given in polar coordinate system. £^^^ may have the negative 
sign [Figure 120 ] . The ouxv;.s, £^(v) and £ 2 (^), are drawn using the 
follov/ing equation. 




FIG. 12- COORDINATE SYSTEM FOR NORMAL: l^VIAT^^ 
OF TWO SURFACES IN CONtACT' Ll 
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5.42 


The value of d is arbitrarily chosen, such that > 0 for 
0 ^ V ^TT • 4 circle with ra-dius d, in the diagram is considered 

as a line of zero curvature . Pigure 13 shows a typical plot of 
these curves. 


(l) (2) 

As I ~ the condition of non-intersection 

of the curves, K.^(v) and is considered as a criteria for 

non-intersection of the surfaces in the neighbourhood. 


5.4.2 Dimensions of contact spot. 


The solution of the contact problem between two elastic bodies 
contacting at a point is achieved with the following assumptions [26] . 

a The principal curvatures of both the surfaces and 

are known. The angle, a, between the first principal directions 
of the contacting surfaces is also known. 

b The magnitude of the load and the elastic constants of the materia 

are known. It is assumed that the contact force is noimed to the surface , 

deformation is elaFtic,H 30 k 's law is obeyed and the material are homogeneu'. 
and isotropic. 

c It is assumed that surfaces in the neighbourhood of the 
theoretical point of contact do not intersect and the contact 
spot is small in comparison with the contacting surfaces. 

Here, the expression for is expressed in a foim such 
that Hertz's general solution for the contact problan can be used. 
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[26] [27] [28] . OHiis will lead to the following results : 

displacement of the surfaces as a result of deformation, magnitude 
and distribution of the pressure in the contact spot, form and 
dimensions of the contact spot. 

Equations (5.40) and (5.41 ) give the following expression 


M->s.Ix,. C'Cv-ap + Xjj - XjjjC^(v-a2)-x,,s2(v-02)|p^ 


IV 


= 2 C„ 


5.43 


Using transformations, 


2 _ 2 2 

P “ n + S , CCS V = n/p and sin v = ^/p ^ 


equation (5*43) is written as 
Abs.|n"(Xj + Xjj 0 ^ - Xjjj 

+ ?^CXi 0^ + Xji cjj - Xiii 

nCCgj S2 0^ - g2 S2 02)1 = 2 


02 - Xj^ 0^) + 

^2 ~ ^IV 


where, gj = Xj - Xjr and g. = - Xjy 


5.44 

5.45 


Now 0 ^ may be so chosen that the coefficient of the product term 
hC in equation (5.44) is zero. In other words 


gj S20^ - g2 S2 dq " 


5.46 


From equation (5.46) it follows that 

g2 S20 

tan ( 20 ^) = 

gl - g2 C20 


5.47 
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Finally the following equation is obtained using equations 

(5.44), (5.46) and (5.47) 

E' + A 2 ;^ = ± C. 

Z 

where 


5.48 


5.49 


^sl “ ^32 ~ 

B = -H X 31 - X 32 Cgj - 2 gjg 2 Co + g^5^''^] 

X31 " Xj . Xij and X32 = Xiii * Xiv • 5.50 

It can be seen from equation (5*48) that A and B must have the 
same sign if the surfaces are not intersecting in the nei^bourhood 
of contact points. 

Ihe solution of the contact problem follows from Hertz's 
solution [ 26 ] and one gets the following resifLts 


cos T = (A-r.)/(A+B) 


5.51 


3 l-Vj ^“^2 1/3 

^ r_^ — { i + 

A+b| E 2 


5.52 


a = o.'- k* P 


* nl/3 


5.53 


b = b* k* 


5.54 


6 = (S* k*^ 1 a+B 


5.55 
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SCn,C) = 


~ (n/a)^ - C?/b)^] 


5.56 


"• v3P/(2'iTa5) 


5.57 


where j A and B are giyen by equations (5 .49), 


the oemimajor and mino 


r axes of the contact spot, 


’* relative approach of remote points in the 
contacting bodies, 

a'^’jb^jc* — couificients depending on the parameter cos x 5 
fable 4 [28] , 

^^2 ~ Poisson's ratios of bodies 1 and 2 respectively, 

'^ 1 7-®2 “ Young's modulii in kg/mm^ of bodies 1 and 2 

respectively, 

P - normal compressure load in kg, 

S - Compressive stress at the point (b,?) In kg /mm^, 
^max~ tiaximum compressive stress at the contact point in 
kg / ML . 

It is noted from equation (5.48) that for a given value of 
the dimensions of the contact spot are given by 


a = and b = 


5.58 


It is advantageous to compaire the relative dimensions of 


contact spots of different types of gears. Ibr this purpose, 
equation (5.58) can be used. This is independent of the solution 



TABLE A 


^STRESS CONSTANTS* 


I I I I I 

I TAC I ASTR I bSTR I OSTR I 
III I I 

ijes^e ^3?«:^sic#3!c3{c)jc3{c 55s:^<;{c:je 5{t:je 


l.OOC') 

INFNITY 

C./OOOO 

0.00000 

0.99950 

23.95000 

C. 16300 

0.17100 

0.99900 

18.53000 

C. 18500 

0.20700 

('.998 50 

15.77000 

0.20100 

0.23000 

0.998'J0 

14.25000 

C. 21200 

0.24900 

0.99750 

13.15000 

C. 22000 

0.26600 

0.99700 

12.26000 

e. 22800 

0.27900 

L • 996 5U 

11.58000 

C. 23500 

0.29100 

0.99600 

11 .?.)2U0*> 

C. 24100 

0.30200 

0.99550 

10.53000 

C. 24600 

0.31100 

(•.99501) 

10.1 5000 

C.2510U 

0.32000 

•0.99A50 

9.77000 

C. 25600 

0.32800 

0.99A00 

9.46000 

C. 26000 

0.336C0 

D. 993 50 

9.17000 

C. 26400 

0.34300 

l».993?'U 

9.92000 

C. 26800 

0.35000 

0.99250 

8.68000 

C. 27100 

0.35600 

0.99200 

8.47000 

C. 27500 

0.362 CO 

0-99150 

8.27000 

C. 27800 

0.36800 

U.991fKt 

8.1(.i000 

0.28100 

0.37300 

C. 99090 

8.06200 

C. 28140 

0.37450 

0.99C50 

7.93000 

C. 2 8400 

0.37900 

C. 9 90 00 

7.76000 

0.28700 

0.38400 

t;. 98950 

7.62000 

C. 28900 

0.38800 

0.98900 

7.49000 

C. 29200 

0.393C0 

0.98850 

7.37000 

C. 29400 

0.39800 

0.98 a '.,<u 

7.25000 

C. 29700 

0,40200 

0.98750 

7.13000 

0.29900 

0,40700 

0.98700 

7.02000 

C. 30100 

0.41100 

n, 98650 

6.93000 

0.30300 

0.41600 

0.986,>0 

6.84000 

0.30500 

0-42000 

0.98550 

6.74000 

0.30700 

0.42300 

0.98500 

6.64000 

C. 31000 

0.427C0 


# 3^ ajt # »{e 3^< 34< 5}t 5ji 5j« ;«< 5jc !{( 4 ajc sj< ^ ;^e ;:<oJc aftt jjt 3{( 3{! :je ;J{ 3}c s^ ijc :jc 35c 
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discussed earlier. The value of C may be arbitrarily given. 
The area of an ellipse of contact, -rrab, is considered as the - 
measure for comparison. 

In the following sub-section, the procedure to find the 
contact zone, in the spur face gear set with localized contact, 
is discussed. 

5.4.3 Contact zone in the spur face gears 

1° Using the results obtained in section 5.3.2, the pressure 
angle a is found from 


cos a = 1/3-21 

X2j)/2}2 . a2]U2 

5.53 

where. 


= 9lk ^ ♦o/iol 

5.60 

and 

X = 1/(121 

0 

5.61 


Semi space width angle, ri^, for corrected involute gear 
is given by 

- tt/SZj ~ inv tan 

Here, is given by equation (5*34), while is evaluated 

from 

= 'ir/2Zj^ - inv for Cq = 0. 

2° The line of action, 

Sa),l/i20 


5.64 
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is found using equations ( 5. 60 ) and (5.I3). Here, 


0* =«-(}) + n 
ok ^C' 0 

O^k = « - ^ 

'^o = *^1 


5.65 

5.66 

5.67 


3° The duration of contact and the limits of A.; A 

^1’ ^Imax 

'^Imin' found using the contents of Chapter 4. 


4° Oie contact point on a pinion is found considering 
[Section 5.5. 1] 


= X 5.68 

5° The principal curvatures of pinion and cutter are given 
by the following equations [equation (2,63)]. 


"TO 


^IIo 


•1/0*, 

ok 


5.70 


and 







5.71 


6° The principal curvatures at the contact point of the 
gear tooth are found using the following expressions. 

’‘in ° ' '’‘lo * n 

5.72 

Xjv = [Xio ♦ Xii„*S-CXi„- Xii„*C)/C2o] ,2 ^ 
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1:an(2a3 = “•^ASa/(Sa+a) 

^ ~ S^a] 

G = ^20(0*^ Ca - S^a)/ 0 *^ D* 

ok 

® ^20 ^-^ok '"“ s2a)/0*2 q* 


5.73 


5.74 

5.75 


It may be noted that these curvatures are non-dimensionalized 
with respect to the base radius, r^^^ = mZ^Ca^/2, of the cutter. 


7 ^* Ihe values of A and B are found using equation (5.49). 
Here, 


;1 * *-^11 


^Ill^^^ob 


^^32 "" ^^III ^ 

= CXjj “ 

^2 “ ^^Iii " 


5.76 


5.77 


8 The moxiiijum stress, major and minor axes of contact spot 

and the displacement 6 are found using equations ( 5 . 57 ), 
(5.53), (5*54) and (5.55). 

9 ° The angle between the major axis of contact spot and 

the direction of y is evaluated from 

I 


tfjn (20 = g2 S2o/(g2-g2C2a) 


5.47 
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10» The fositioa Of the contact spot on the pinion tooth can 
be varied by giving different values to in the range 

J^^lmin ’ s'"®?"*: ‘tbe spot on -tooth surface 

is the contact zone. 

Figure 1 1 shows typical contact zone on pinion tooth. 

5.5 Surfaoo durability ratings of spur face gears -with localized contactf 

Spur face gear with point contacts are considered here. In 
gears with point contactsj comparatively small loads develop high 
compressive stress. Tlie beam strength of the gear teeth is seldom 
a limiting factor in designing these gears [6] . This may not be trie 
for a gear having vary small tooth width or for a case hardened gear. 
Mostly, the surface wear is the deciding factor in rating these gears. 

The wear is largely dependent on the maximum pressure between the 
tv;o surfaces [14 ] . 

iinalysis of the limiting wear loads of the gears is approximate 
to a certain exont. Point contact is assumed but plastic deformation 
and wear may develop a definite width of contact [6] . This, in turn, 
will reduce tho predicted value of the contact stress. Therefore, the 
theoretically predicted values must be checked against service data 
and experience. 

5.5 “1 Design point in tho contact cycle 

The contact stress is used as a measure of the surface 
wear in goars [6] . The contact stress is constantly changing during 
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contact cycle. Tlaerefore, some critical point on gear tooth profile 
has to ho selected for the, basis of compitation of limiting load. 

'Brio pitch point may be considered as the critical point or 
design point [ 6 ] {29] . One of the reasons for this choice is the 
fact that in many oases wear on gear teeth first becouB s prominent at 
or near the pitch point. Possibly, one of the contributing factors for 
this effect is the fact that one pair of teeth is usually carrying the 
entire lord when contact exists on this part of the tooth. For contacts 
near the top or the bottom of the active pinfile, two pairs of the 
mating tooth are usually sharing the load. 

Here it is assumed that the worst condition will be in that part 
of contact cycle when only one pair of teeth is in contact. The design 
point is a point whore a mininum load, in this range (whaa one pair of 
tooth is in contact), will induce the given allowable stress. 

The rnnse. cb’ to , of angle of rotation, when one pair of 

teoth is in contact is found considering the following expressions. 


and 


d I , * (b 

' Imir; ^ 


Indii 




' .i.nax 


'hr 


lr;i.ax 




5.78 


5 . 5.2 Ratiri^' formula 

The problem of how to find the induced stress for a given load 
diBCUssod in section 54. In the present section, a reversed prohtan 
is considered. The ptroblom here is to find the permissi'bne loal 
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Cj_j “ hojxliioss ratio factor' 

Of,. - toniporaturu factor 
- ff.-ctor of reliability. 

The brmi^ciitial lorjl at the contact point is found from 
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It has heen shoim in Section +ho+ nn x- 

^,4.;, xnan in case of spar face gears, r 

is fcund from, (use the equation (5«69) for pinion) 


where, 


^ = (1 + 


'lb 


m 


'lb 


cos a 


5.85 


Tlie i..^tcd capacity is found using the following expression 


hp 


i 7 C-r 

j* f- •« c*n n n ' 


rated 


Min 




Cp Cr 




S,86 


k*^, a* and b^' axe found using equations (5.52), (5 49), (5.50), (5.51) 
and Table 4. ^or the case of face gears they are found using the 
material given in Section (54.3). The minimisation involved in 
expression (5.86) is performed Ihroa^ iteration by assigning 
different values to (|>^ in the specified range. 

Ti.)r Tables 5 and 6 following values of the factors are taken. 



and Gy = 50/!5f' + ^ pitch line 5.88 

velocity in fpn. 

This oorrcGiX)itds to the dyiiciriic load factor for hobbed or shaped 

2 

involute gorj.'S [I4) . The value of S^^ is taken to be 95 kg/mm 
for oomorcially used steel gears having the minimum hardness as 
500 BHN. [143 . In designs for non-standard conditions the tabulated 
values may be modified according to the following equation 



TABLE 5 SURFACE DURABILITY RATINGS OF SPUR FACE GEAR 


I III 

112 I D1 I M I Z1 I ASTAR 
I III 

I MM I I I 


RATINGS IN PS I 

AT DIFFERANT RPM I 



ICO 720 1750 3600 I 


1.5 25.0 1.25 20.0 0.00 

0.10 

■.".20 

0.40 

0.50 

33.0 i.5 22.{'' U.OO 

O.iO 

0.20 

0.30 

',"■'.40 

J.50 

48.0 2.0 24.0 0.00 

0.10 
. 20 
0.30 
0.40 
0.50 

75.0 2.5 30.0 0.00 

0.10 

0.20 

0.30 

0.40 

».50 

108.0 3.0 36.0 0.00 

0.10 

'J.20 

O.30 

0.40 

n.50 

144.0 4.0 36.0 U.OU 

0.10 
0.20 
U.30 
iJ . 40 
0.50 


0.C17 

0.105 

0.227 

0.413 

0.C19 

0.121 

0.262 

0.477 

0.C22 

0.134 

U.292 

0.531 

0.024 

0.148 

0.321 

0.584 

0.C26 

0.159 

0.346 

0.629 

0.C27 

0.168 

0.365 

0.664 

0.C41 

0.252 

0.540 

0.972 

0.048 

0.293 

0.629 

1.132 

0.054 

0.329 

0.706 

1.271 

0.059 

0.361 

0.774 

1.393 

0.064 

0.391 

0.838 

1.509 

0.068 

0.417 

0.894 

1.610 

0.133 

0.791 

1.666 

2.953 

0.155 

0.927 

1.954 

3.463 

0. 175 

1.042 

2.197 

3.893 

0.192 

1.143 

2.410 

4.270 

0.208 

1.238 

2.608 

4.622 

0.222 

1.326 

2.794 

4.952 

0.580 

3.337 

6.879 

11.951 

0.682 

3.925 

8.091 

14.057 

0.771 

4.436 

9.142 

15.884 

0.855 

4.916 

10.133 

17.604 

0.931 

5.353 

11.033 

19.169 

1.002 

5.764 

11.881 

20.641 

1.842 

10.253 

20.731 

35,432 

2.221 

12.363 

24.996 

42.722 

2.529 

14.077 

28.463 

48.647 

2.832 

15.766 

31.878 

54.484 

3.084 

17.170 

34.716 

59.335 

3.325 

18.509 

37.425 

63.964 

4.251 

23.016 

45.816 

77.304 

5.126 

27.752 

55.243 

93.211 

5.836 

31.601 

62.905 

106.138 

6.537 

35.392 

70.453 

118.874 

7.119 

38.543 

76 .725 

129.457 

7.674 

41.550 

82.711 

139.557 


FOR THIS TABLE CZO=l 



TABLE 5 SURFACE DURABILITY RATINGS OF SPUR FACE GEAR 


I I I I I RATINGS IN PS I 

U2 I D1 I M I Zi I ASTAR I AT DIFFERANT RPM I 

I III I 1 

I MM I MM I I I ICO 720 1750 3600 I 


2.0 25.0 1.25 20.0 0.00 

0.4 0 
. 2w 
U . 30 
0.40 
v' . 5o 

33.1) 1.5 22.0 0.00 

0. 1U 
0.20 
4,.'. 30 

1. -.4U 
0.50 

48.0 2.0 24.0 0.00 

? i* 10 
t,.;.2u 
0.30 
0.40 
0 . 50 

75.0 2.5 30.0 0.00 

0.10 

0.20 

f,'.3a 

0.40 

0.50 

108.0 3.0 36.0 0.00 

L.IO 

0.2U 

0.30 

0.40 

0.50 

144. D 4.U 36.0 0-00 

0.10 

0.20 

0. 30 

1. ) .40 
0.50 


0,C22 

0.140 

0.303 

0.552 

0.026 

0.159 

0.345 

0.629 

0.C28 

0.176 

0.382 

0.695 

0.031 

0.191 

0.414 

0.755 

0.033 

0.204 

0.444 

0.808 

0.035 

0.217 

0.470 

0.856 

0.056 

0.341 

0.730 

1.315 

0.064 

0.390 

0.837 

1.507 

0.C71 

0.433 

0.929 

1.673 

0.077 

0.471 

1.010 

1.818 

0.082 

0.505 

1.082 

1.949 

,0.088 

0.536 

1.149 

2.070 

0.181 

1.079 

2.273 

4.028 

0.208 

1.241 

2.615 

4.633 

0.231 

1.379 

2.906 

5.150 

0.252 

1.501 

3.163 

5.605 

0.270 

1.612 

3.397 

6.020 

0.288 

1.715 

3.614 

6.404 

0.792 

4.556 

9.391 

16.315 

0.917 

5.276 

10.874 

18.893 

1.C25 

5.899 

12.158 

21.123 

1.123 

6.459 

13.314 

23.131 

1.210 

6.96C 

14.345 

24.922 

1.292 

7.431 

15.316 

26.609 

2.549 

14.190 

28.691 

49.036 

2.972 

16.544 

33.451 

57.173 

3.342 

18-607 

37.622 

64.301 

3.680 

20.486 

41.422 

70.796 

3.987 

22.199 

44.884 

76.713 

4.289 

23.875 

48.274 

82.507 

5.883 

31.853 

63.408 

106.987 

6.859 

37.139 

73.930 

124.739 

7.714 

41.769 

83.147 

140.292 

8.494 

45.988 

91.545 

154-461 

9.204 

49.832 

99.197 

167.373 

9.899 

53.596 

106.689 

180.014 



table 5 SURFACE DURABILITY RATINGS OF SPUR FACE GEAR 


I I I I I RATINGS IN PS I 

112 I D1 I M I Z1 I ASTAR I AT DIFFERANT RPM I 

I III I 1 

I MM I N'M I I I ICO 720 1750 3600 I 


4.0 25.0 1.25 20.0 0.00 

c . iu 

0.30 

0.40 

il. 5u 

33.0 1.5 22.0 O.CO 

0.10 

0.20 

0.30 

0.40 

0.50 

48.0 2.0 24.0 O.OO 

3 . 10 
0.20 
0.30 
. 40 
0.50 

75.0 2.5 30.0 O.UO 

0.10 

O.20 

U.30 

0.40 

0.50 

,108.0 3.0 36.0 0.00 

. Iu 
0.20 
0.30 
0.40 
0 . 5U 

144.0 4.0 36.0 0.00 

0.10 
0.20 
0 . 30 
0.40 
0.50 


0.C47 

0.293 

0.637 

1.160 

O.C52 

0.321 

0.697 

1.269 

D.C55 

0.344 

0 .747 

1.361 

0.059 

0.365 

0.792 

1.443 

0.C62 

0.384 

0.833 

1.517 

0.C65 

0.402 

0.873 

1.590 

0.117 

0.716 

1.536 

2.766 

0.128 

0.783 

1.680 

3.025 

0.138 

0.842 

1.806 

3.253 

0. 147 

0.897 

1.925 

3.466 

0. 155 

0.947 

2.031 

3.657 

0. 162 

0.992 

2.128 

3.831 

0.381 

2.272 

4.789 

8.486 

0.418 

2.491 

5.251 

9.304 

0.451 

2.688 

5.666 

10.041 

0.480 

2.863 

6.033 

10.692 

0.506 

3.017 

6.359 

11.268 

0.531 

3.164 

6.669 

11.818 

1.687 

9.705 

20.004 

34.754 

1. £55 

10.668 

21.988 

38.201 

2.C06 

11.541 

23.789 

41.330 

2. 141 

12.317 

25.388 

44.109 

2. 267 

13.041 

26.880 

46.700 

2,383 

13.707 

28.252 

49.085 

5. 55i 

30.902 

62 .482 

106.791 

6. 129 

34.121 

68.991 

117.915 

6. 635 

36.937 

74.684 

127.646 

7. C97 

39.511 

79.889 

136.541 

7.527 

41.904 

84.727 

144.810 

7.921 

44.099 

89.165 

152.396 

12. 812 

69.370 

138 .090 

232.996 

14.147 

76.597 

152.475 

257.268 

15.314 

82.917 

165.057 

278.497 

16. 381 

88.696 

176.560 

297.906 

17. 373 

94.067 

187.252 

315.946 

18.284 

98.995 

197.061 

332.496 
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hp . ■= hp [ ^ c oq 

■^service -^rated 0„ 95 ■' ~rT, ^ 5*89 

T 50/(50 + 


where, 

hp 


service 


“ service capacity of the gear. 


In Table 5, the maxinum permissible face width is assumed. The face 
widths taken in Table 6 are from Table 15 - 9 of [14] , This has 
been done to facilitate the comparison of the results. 
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table 6 SURFACE DURABILITY RATINGS OF ON-CENTER FACE GEARS 


D20=l 

I 

I I HORSE POWER AT DIFFERENT RPM I 

I 112 D1 C2 Z1 FACE ASTAR I 100 720 1750 3600 I 

I INCH INCH INCH I I 

j 

1.5 1.0 1.5 20.0 0.085 0.000 0.018 0.109 0.237 0.432 

1.4 2.1 22.0 0.125 0.000 0.053 0.320 0.684 1.227 

2. ' 3.U 24.)^ 0.172 O.OUO 0.161 0.954 2.005 3.544 

3. U 4.5 30. J U.250 0.000 0.632 3.628 7.471 12.970 

4.0 6.0 36.0 0.359 0.000 1.698 9.506 19.284 33.050 

6.0 9. IS 36. ft 0.547 0.000 5.547 29.861 59.259 99.734 

2.0 l.l 2.0 20.0 0.141 0.000 0.022 0.135 0.293 0.533 

1.4 2.8 22. U 0.203 0.000 0.065 0.398 0.850 1.526 

2.0 4.0 24.0 0.297 0.000 0.202 1.198 2.519 4.452 

3.0 6.0 30.0 0.438 0.000 D.804 4.616 9.5C8 16.506 

4. U 8.0 36. U 0.578 O.OOO 2.128 11.917 24.174 41.431 

6.0 12.0 36.0 0.859 0.000 6.888 37.085 73.593 123.859 

4.0 1.0 4.0 20.0 0.375 0.000 0.045 0.281 0.609 1.109 

1.4 5.6 22.1 0.516 0.000 0.134 0.818 1.748 3.138 

2.f. 8.0 24.0 0.719 0.000 0.416 2.467 5.185 9.165 

3.0 12.0 30.0 1.031 0.000 1.656 9.510 19.585 34.002 

4.0 16.0 36.0 1.250 0.000 4.271 23.915 48.512 83-142 

6.0 24. U 36.0 1.500 0.000 12.248 65.941 130.857 220.235 



CHJIPOEI VI 


BESULTS, DISCUSSIONS M) CONCLUSIONS 

In this chaptor, some illustrative example problems are 
solved and their results ore discussed. At the end of the chapter, 
general disoussions on tapered and face gears are presented. Based 
on these discussions, conclusions are drawn. 

The computer programs for executing the necessary 
oomiutation have hoen developed. The results of the computation are 
presented in this chapter. The description of these programs and 
more numerical results obtained are given in the report [22] . 

6.1 Intersection curves for face gears 

The intersection of .the two surfaces, U and 1 with the 
tip plane of the face gear gives two intersection curves. The study 
of those curves presents a clear picture of the pointing phenomenon, 

t' 

as will ho clear from the foUowiiig example. 

To find the intersection curves for a face gear, given 
the following s 

Z = it/2, 0 = 0, A* = 0, = 20, = 0.2, = 20% = 0, 

f a 1 and c a 0#25* 

0 0 

The results obtained axe given in Table 7, For any X , 
the first and second rows give the coordinates of intersection curves 
for surfaces U and L respectively* In this table^ co-ordinates are 



TABLE 7 


CO-ORDINATES CF INTERSECTION CURVES 


I * I I I I 


LAFDA I 

I 

X-CCOR I 

I 

Y-COOR I 

I 

Z-CCOR 

5.2600 

0 .0450 

-0.9000 

4.9406 U 


-0.0450 

-0.9000 

4.9406 L 

5,3500 

0.0406 

-0.9000 

5.0348 


-O.O406 

-0.9000 

5.0348 

5.4500 

0 .036 1 

-0 . 9000 

5.1292 


-0.0361 

-0.9000 

5.1292 

5.5500 

0.0314 

-0.9000 

5.2236 


-0.0314 

-0.9000 

5.2236 

5.6500 

0.026 5 

-0.9000 

5.3181 


-0.0265 

-0.9000 

5.3181 

5.7600 

0.0214 

-0.9000 

5.4125 


-0.1214 

-0.9000 

5.4125 

5.8500 

0.0161 

-0.9000 

5.5070 


-0.0161 

-0.9000 

5.5070 

5.9500 

0.0107 

-0.9000 

5.6014 


-U.01D7 

-0.9000 

5.6014 

6.05)0 

0.0051 

-0.9000 

5.6958 


-0.0051 

-0.9000 

5.6958 

6.1500 

-0.0007 

-0.9000 

5.7901 


0.0007 

-0.9000 

5.7901 

6.2500 

-0.0066 

-0.9000 

5.8845 


0.0066 

-0.9000 

5.8845 

6.3500 

-0.0127 

-0.9000 

5.97 88 


0.0127 

-0.9000 

5.9788 

6.45U0 

-0.0189 

-0.9000 

6.0731 


0.0189 

-0.9000 

6.0731 

6.5 500 

-U.C252 

-0.9000 

6.1674 


0.U252 

-0.9000 

6.1674 

6 .6500 

-0.0316 

-0 .9000 

6.2616 


0.0316 

-0.9000 

6.2616 
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nqn~diinonsionalized with respect to the nominal pitch radius of the 
pinion. Kio intersection ourwes are shown in figure 6 . Pointing of 
the tooth starts at the point P. 

6.2 Optiinam helix angle 

It is observed from Figure 14 that the face width of the 
spiral faco gerj? changes with helix angle of the pinion. It is seen 
that for a giv can eccentricity the face width attains amaxinum value for 
a particular helix anglo, which may be termed as optimal helix angle. 

The following example illustrates this. 

Example 2 

To study the face width variation in spur face gear having 
the following parameters s 

Is Tr/2, e = 0-20% A* = 0, 0.2 and O.4, = 20, i^^ = 2% = 20% 

5 = 0, f =1 and c ='0.25. 

on ’on on 

The maxinum and minimum radii are found using the material 
of sections 5*15 5»14* difference of these two radii are given 

in Table 0 . The values of optimal helix angle obtained are given in 
Table 9. Tlio rridii in Tables 8 and 9 are non -dimensionalized with 
respect to the radius of the base cylinder of the pinion. 

6 .3 Contact ratio in Tapered gears 

The contact ratio is found using the method described in 
section 4.1 „ The setj'k , is defined by following expressions. The 
expressions are on -center spur tapered and face gears (a = O) and 
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TABLE 8 
I2l=U.25 


VARIATION OF FACE WIDTH OF FACE GEARS WITH HELIX ANGLE 


Zl=20 


I 


BETA 

I I 

I w I 

I I 

I 

R2P I 

I 

I 

R2U I 

I 

I 

BETA I 
I 

I 

W I 

1 

I 

R2P I 

I 

I 

R2U I 

I 

0.0 

0*86 

4.922 

4.063 





l.O 

0.85 

4.922 

4.(,?74 

11. C 

0.76 

4.945 

4.183 

2.0 

0.84 

4.922 

4.U86 

12. C 

0.76 

4.950 

4.193 

3.0 

0.83 

4.923 

4.097 

13. C 

0.75 

4.955 

4.204 

4*0 

0.82 

4.925 

4.108 

14. C 

0.75 

4.961 

4.214 

5.0 

0-81 

4.926 

4.119 

15. C 

0.74 

4.967 

4.224 

6.0 

0.8C 

4.929 

4.130 

16. C 

0.74 

4.973 

4.234 

7.0 

0.79 

4.931 

4.141 

17.0 

0.74 

4.980 

4.245 

8.0 

0.78 

4.934 

4.151 

18. C 

0.73 

4.98? 

4.255 

9.0 

0.78 

4.937 

4.162 

19.0 

0.73 

4.995 

4.265 

10.0 

0.76 

4.950 

4.193 

20.0 

0.43 

5.003 

4.569 

0.0 

0.73 

4.986 

4.257 





1.0 

0.74 

4.969 

4.234 

11.0 

0.82 

4.822 

3.999 

2.0 

0.74 

4.953 

4.212 

12.0 

0.83 

4.808 

3.982 

3.0 

0.75 

4.937 

4.189 

13. C 

0.82 

4.795 

3.980 

4.0 

0.76 

4.922 

4.165 

14.0 

0.81 

4.783 

3.977 

5.0 

0.76 

4.907 

4.142 

15.0 

0.80 

4.770 

3.974 

6.0 

0.77 

4.877 

4.095 

17.0 

0.78 

4.746 

3.967 

8.0 

0.79 

4.863 

4.072 

18.0 

0.77 

4.734 

3.964 

9.0 

0.80 

4.849 

4.048 

19.0 

0.76 

4.722 

3.960 

10. 0 

0.81 

4.835 

4.024 

20.0 

0.75 

4.710 

3.956 

0.0 

0.61 

5.174 

4.568 





1.0 

0.61 

5.142 

4.535 

11. 0 

0.63 

4.836 

4.204 

2.0 

0.61 

5.110 

4.502 

12.0 

0.64 

4.806 

4.171 

3.0 

0.61 

5.079 

4.469 

13.0 

0.64 

4.747 

4.103 

5.0 

0.61 

5.077 

' .403 

1 .0 

0.65 

4.718 

4.069 

6.0 

0.61 

4.986 

4.375 

16.0 

0.65 

4.688 

4.034 

7.0 

0-62 

4.956 

4.337 

17. C 

0.66 

4.659 

3.999 

8.0 

0.62 

4.926 

4.304 

18.0 

0.67 

4.629 

3.964 

9.0 

0.62 

4.896 

4.271 

19. C 

0.67 

4.600 

3.929 

10. 0 

0.63 

4.866 

4.238 

20.0 

0.68 

4.570 

3.894 


0.00 


0.20 


0.40 
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TABLE 9 OPTIMUM HELIX ANGLES FOR FACE GEARS 


I 

I 

I 

I 

I 

I 


II * I 

I I R2P/R2U/WIDTH/BETA I 

I I 1 

LI I ASTAR I 121 I 

I I 1 

I I i I 1/4 I 1/7 I 


17.0 0.00 1.263 

l.i.99 
C.164 
0.0 

0.05 1.261 

1.098 
0.162 
5.1 

0.10 1.256 

1.C94 
C.162 

0.15 1.248 

1.088 
C.160 
7.7 

0.20 1.236 

1.079 
C.157 
l‘J.4 

0.25 1.221 

1.U68 
0.153 
13.2 


4.969 

8.689 

R2P 

4.071 

7.048 

R2U 

0.898 

1.641 

WIDTH 

0.0 

0.0 

BETA 

4.961 

8.676 


4.066 

7.039 


0.887 

1.622 


5.7 

5.8 


4.938 

8.634 


4.051 

7.013 


0.887 

1.622 


4.899 

8.565 


4.026 

6.967 


0.874 

1.598 


8.6 

8.7 


4.842 

8.464 


3.989 

6.901 


0.854 

1.563 


11.7 

11.8 


4.765 

8.328 


3.939 

6.812 


0.827 

1.517 


14.8 

15.0 




FACE width 


0 . 6 - ' ■ : 

0.4- 

0.2- , ■ ' . ' ■ ^ 

- — 1 1 ! ...L-.: j,. : 1 I { 

O 4 8 12 J6 

HELIX ANGLEtO 

FIG. 14 VARIATION OF FACE 
HELIXTANGIE,^ 

.(FACE GEAR:; Fail'll 
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off-sot sjxir face gears (a / o) [Figure 5 ] . 

51 “ ^^22+x.p/5E-r2p cor z} - r2p]^ - x^-y^ < 0 

52 = 4*^2 S{22-^rfA'?S-r2Q cot Z}-r2^f < 0 

53 “ ^ cot Z <0 


v/here, 


= [Pcx ^ V 


i^cz SZ, SZ + P.^.^ CZ]^ 


and Be “ i%X » ^■CV> 


ex > *'C7^ "xz-i 

cx -’ey ‘Ic 


f4 * 'iL + - r? < 0 


6.4 


Rr, = Xp - Uez < 0 


6.5 


5c ~ ^'CS ~ ^ ® (>•(> 

g^, gg and g^ correspond to the front cone, the hack cone 
and the face Oi>ne of the gear blank. Ihe expressions g^, and are 
related to the pinion blank. [ Figure 5 1 • 

Sots Ij, and I^, laay be defined by the following expressions. 


0 

ill 

fS' 

jo < Ok < ± k = U,L 

6.7 

= ih 

1-30° <^i< 30°] 

6.8 


The set A may be defined as 


Upper and lower signs are for surfaces U and L respi'ctively. 
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AS [\ I > 0], k = U,L 6.9 

v/horo ” ^'1 % 

T'}io method if, illustrated hy the following example problem. 

Example 3 

To find the crntact ratio of the face gear set giTen the 
following pararaotora, 

Z =* 'n/2, B = 0, = 0, ig^ = 0.25 = 20“’, = 0, f^ = 1, 

0 ^ = 0.25, \ “ 4.1 [Figure 5] , r^^ = 4.1 snd. r^^ = 4.4. 

Tho rcisults of the computation are given in Table 10, 

6.4 Norranl deviation of tooth surface in contact 

Tho method to find the normal deviation of surfaces in 
contact is described in section 54.1. following example is solved 

using this method. 

Example 4 

For E . 'A, B = 0, A* = 0, - 0.25- Z - 18, Z„ - 19, m - 5™, 

a . 20", (; = 0, f . 1,0 . .25, i . 0.5 am a . 20, find tlie polar 

graph of the normal deviation of surfaces in contaot at a point where 

» 0 °. 

The results are given in Table 11. The polar graph is shown 


in Figure 13 



TABLE iO 


CONTACT RATIO IN TAPERED GEARS 


• 

• 

• 


I 

I I I I I I 

ITER. 

FAIl . 

THT. 

F4IK 

I 

6(1) I G(2) I Gt3) I G(4) I G(5J I G(6) I 

• 

• 

# 


I 

I I I I I I 

1 

-20. i/' 

28.7 

12.8 


-0.087 -2.463 -0.140 -0.148 -0.002 -0.298 

2 

-22.5 

31.2 

12.8 


-0.114 -2.436 -0.150 -0.102 -0.002 -0.298 

3 

-23.7 

32.6 

13.0 


-0.153 -2.397 -0.157 -0.074 -0.005 -0.295 

4 

-24.4 

33. C 

12.7 


-0.125 -2.425 -0.156 -0.067 -0.001 -0.299 

5 

-24.7 

33.3 

12.8 


-0.135 -2.415 -0.158 -0.060 -0.002 -0.298 

6 

-24.8 

33.7 

13.0 


-0.163 -2.387 -0.161 -0.052 -0.005 -0.295 

1 

15.0 

3.1 

22.2 


-1. 73 -0.577 -0.000 -0.3 5 -0.221 -0.079 

2 

15.», 

3.1 

22.2 


-1. 73 -0.577 -0.000 -0.3 5 -0.221 -0.079 

3 

15.0 

3.1 

22.2 


-1. 73 -0.577 -0.000 -0.3 5 -0.221 -0.079 

4 

15.0 

3.1 

22.2 


-1. 73 -0.577 -0.000 -0.3 5 -0.221 -0.079 

5 

15.0 

3.1 

22.2 


-1. 73 -0.577 -0.000 -0.3 5 -0.221 -0.079 

6 

15.2 

4.2 

23.5 


-2.318 -'%232 -0.000 -0.393 -0.261 -0.039 


START OF CONTACT 
END OF CONTACT 
CONTACT RATIO 


-2A.8 DEG 
15.2 DEG 
2.000 


-24.8 DEG 
15.2 DEG 
2.0 


START OF CONTACT 
END OF CONTACT 
CONTACT RATIO 
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TABLE 11 normal DEVIATION OF TEETH SURFACES OF 
ON-CENTEP SPUR FACE GEAR SET 


I I I I I 

I I LI I L2 I L1-L2 I 

I DEG I I I I 


• c 0 

21.680 

10 . coo 

26.910 

20.000 

35.050 

3C.CU0 

45.130 

4C.C00 

55.930 

50.000 

66.140 

60.000 

74.550 

70.000 

80.120 

80.000 

82.200 

90.000 

80.520 

i 00. COO 

75.300 

iic.cua 

67.150 

120. COO 

57.080 

130.000 

46.280 

140.000 

36.060 

i 50.000 

27.660 

160. COO 

22.080 

170. COO 

20.010 

180.000 

21.680 

19C.OOO 

26.910 

200. COO 

35.050 

210.000 

45.130 

220.000 

55.930 

23C.0U0 

66.140 

240. COO 

74.550 

250.000 

80.120 

260. COO 

82.200 

270.000 

80.520 

280.000 

75.300 

290.000 

67.150 

300.000 

57.080 

310.000 

46.280 

320.000 

36.060 

330.000 

27.660 

340.000 

22.080 

350.000 

20.010 

360.000 

21.680 


21.560 

.120 

24.810 

2. ICO 

27.240 

7.810 

28.580 

16.5 50 

28.660 

27.270 

27.470 

38.670 

25.150 

49.400 

21.990 

58.130 

18.360 

63.840 

14.700 

65.820 

11.460 

63.840 

9.020 

58.130 

7.680 

49.400 

7.600 

38.680 

8.790 

27.270 

11.110 

16.550 

14.280 

7.800 

17.910 

2.100 

21.560 

.120 

24.810 

2.100 

27.240 

7.810 

28.580 

16.550 

28.660 

27.270 

27.470 

38.670 

25.150 

49.400 

21.990 

58.130 

18.360 

63.840 

14.700 

65.820 

11.460 

63.840 

9.020 

58.130 

7.680 

49.400 

7.600 

38.680 

8.790 

27.270 

11.110 

16.550 

14.280 

7.800 

17.910 

2.100 

21.560 

.120 
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6.5 Variatioa of oontaot stress 

Yfrlation of oontaot stress for one cycle of contact is 
studied for ,i case givoi in example 5 , 

Exotiple 5 

To find tho variation of contact stress as the contact point 
moves, for tho following oase ? 

j; *• v/2f () a 0, h* a 0, ig^ = 0*25, = IS, 2^ = 19, m = 5min, 

tto * 20®, ^,.3 •“ 1, Oq = 0.25 ond P = 1CX) kg. Contact is localized 

at tho inid-pednt of tho tooth width. 

Tho method used is descrihed in Section 5*4.2. The stress 
conotnnts, used in oq.uations (5.5«3) and ( 5 , 5 . 4 ), are given in Table 4 . 
Tlie remits arc given in Table 12. The variation is daown in Figure I 5 . 
Tho curves in Figure 15 uto drawn assuming the contact of one pair of 
tooth, itctually, a portion of these curves is used when one pair of 
tooth are in contact. This portion is shown by continuous lines. 

Beyond those portions, shown by dashed lines in figure 15 , two pairs 
vdll bo in oontaot, Ao in these portions load is being shared, actual 
cont^ict otrosn on any particular pair of teeth will be substantially 
less than that shown in Figure 15 . 

6 .6 Effect of number of teeth in cutter on contact stress and on 
contact zone 

The difference between numbers of teeth in cutter and pinion 
has an effect on contact stress. Ihis effect is illustrated in the 
following example. 
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table 12A VARIATION OF CONTACT STRESS WITH THE ANGLE OF ROTATION OF 

PINION 


NO OF TEETH ON CUTTER 
NO OF TEETH ON PINION 

TRANSMISSION RATIO BETWEEN CUTTER AND GEAR 
PRESSURE ANGLE OF CUTTER 
MODULE CF CUTTER AND GEAR SET 
INNER RADIUS OF FACE GEAR SET 
OUTER RADIUS OF FACE GEAR SET 


19.0 

18.0 


0.2500 


20.0 

DEG 

5.0 

HM 

183.005 

MM 

214.250 

MM 


CORRECTION PARAMETERS 


CUTTER SHIFT FACTOR 
PINION SHIFT FACTOR 
CUTTER TOOTH SPACE ANGLE 
PINION TOOTH SPACE ANGLE 
PRESSURE ANGLE OF GEAR SET 


o.coo 

-0.026 

3.9 DEG 
4.2 DEG 
26.0 DEG 


GEOMETRIC DISTENCES 


B 

2.614 

MM 

C 

44.886 

MM 

REl 

49.886 

MM 

RT 

42.500 

MM 



15.2 


table 12B 


CURVETURES 


I I I 


FAIl I 

I 

KAIi I KAI2 I 
I 1 

-16.0 

O.OO'iuO -0.03586 

-14.0 

0.00000 -0.0378T 

-12.0 

”').i.4Cll 

-10.0 

0 1)4263 

-8.0 

O.O^'OOO -0.04549 

-6.0 

0.00000 -0.04877 

-4.0 

O.OC.OnO -0..;5255 

-2.0 

0,0 0000 -0.05697 

-0.0 

0.00000 -0.06220 

2.0 

0.00000 -0.06849 

4.0 

O.DOfii-r? -0.07619 

6.0 

0.00000 -0.08585 

8.0 

0.00000 -0.09831 

10.0 

0.00000 -0.11499 

12.0 

o.nocro -c. 138 so 

14.0 

D .OUOOt) —0.17410 

16.0 

0.00000 -0.23431 


I I I 


SIG I 

I 

KAI3 I KAI4 I 
I I 

-41.8 

C. 01261 -0.00865 

-41.8 

C. 01238 -0.00876 

-41.8 

C. 01216 -0.00888 

-41.8 

0.*;1194 -0.00900 

-41.8 

C. 01174 -0.00912 

-41.8 

C. 01154 -0.00924 

-41.8 

C. 01134 -0.00937 

-41.8 

0.U1116 -0.00950 

-41.8 

C. 01098 -0.00964 

-41.8 

C. 01080 -0.00977 

-41.8 

0.01063 -0.00992 

-41 .8 

0.01047 -0.01007 

-41.8 

0.01031 -0.01022 

-41.8 

C. 01015 -0.01037 

-41.8 

C.?31000 -0.01053 

-41.8 

0.00986 -0.01070 

-41.8 

C.00972 -0.01087 


I I I 


8CAP I 

I 

ACAP I SIGH 
I I 

0.00006 

0.01985 -16.1 

0.00006 

0.02069 -15.3 

0.00006 

0.02164 -14.5 

0.00006 

0.02273 -13.7 

0.00006 

0.02400 -12.8 

0.00006 

0.02547 -12.0 

0.00006 

0.02721 -11.1 

0.00006 

C. 02926 -10.3 

0.00006 

0.03171 -9.4 

0.00006 

0.03470 -*8.6 

0.00006 

0.03839 -7.7 

0.00006 

0.04307 -6.9 

0.00006 

0.04914 -6.0 

0.00006 

0.05733 -5.1 

0.00006 

0.06893 -4.3 

0.00006 

0.08657 -3.4 

0.00006 

0.11652 -2.5 
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table 12C CIM6NSI0N OF CONTACT SPOT AND STRESS 


I II I I I I . I 

FAIL I ABS I TAO I DEL I ASMAL I BSMAL I AREA I S I 

I I I I 1 I I I 


-16.0 

0.039822 

-14.0 

0.041484 

-12.0 

0.043389 

-10.0 

0.045581 

-8.0 

0.048116 

-6,0 

0.051066 

-4,0 

C. 054528 

-2.0 

Q.U58630 

-0.0 

0.063545 

2.0 

0.069519 

4.0 

0.076910 

6.0 

0. 086254 

8.0 

0.098400 

10.0 

0.114776 

12.0 

0,137975 

14.0 

0.173256 

16.0 

0.233156 


C.9943 

0.00312 

0.9945 

0.00314 

C.9947 

0.00315 

C.9949 

0.00317 

0.9952 

0.00318 

0.9954 

0,00320 

0.9957 

0.00322 

0.9960 

0.00325 

0,9963 

0.00327 

0.9966 

0,00329 

0.9969 

0.00331 

0.9972 

0.00333 

0.9975 

0.00337 

0.9979 

0.00339 

0.9982 

0.00343 

0.9986 

0.00347 

0.9990 

0.00355 


6.65565 

0.17719 

6.64479 

0.17377 

6.64860 

0.16984 

6.64957 

0.16564 

6,63885 

0.16106 

6.63444 

0.15638 

6.64337 

0.15137 

6.65077 

0.14606 

6.66555 

0.14016 

6.67385 

0.13385 

6.69131 

0.12696 

6.72267 

0.11954 

6.75075 

0.11166 

6.77934 

0.10341 

6.82911 

0.09377 

6.86951 

0.08351 

6.96916 

0.07131 


3.70499 

40.49 

3.62748 

41.35 

3.54749 

42.28 

3.46016 

43.35 

3.35911 

44.65 

3.25939 

46.02 

3.15928 

47.48 

3.05185 

49.15 

2.93503 

51.11 

2.80637 

53.45 

2.66893 

56.20 

2.52463 

59.41 

2.36811 

63.34 

2.20245 

68.11 

2.01182 

74.56 

1.80232 

83.23 

1.56133 

96.07 
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Ex'ynjilu 

To ntorly fche effect of number of teeth in cutter on contact 
stress nntl on oontwt zone. Following parameters axe given. 

1 ir/2, e „ 0, ;* 0, i^^ = 0.25, 2^ - 18, BZO = Z^-Z^ = 1,2,3 

ra « 5niin, « 20®, = 0, f^ = 1, c^ = 0.25 and P = 100 kg. Contact is 

loonlizod at tiiO mid-point of the tooth width. The method used is 
dosoribal in Section 5*4*2. The results obtained are listed in Table I5. 
Tho effects are daown in Figures 15 and 16. 

6.7 Effect of number of teeth in cutter on surface durability rating 

It is seen in tho previous example that the number of teeth in 
cutter affects the contact stress. Gonseq.uently, the surface durability 
rating is also nf'feoted. This effect can be observed in the following 
example . 

Example 7 

To find tho effect of number of teeth of the cutter on the 
surface durability rating of face gears. Following parameters are 
specified. 

f » Tr/2f P “ 0, i# = 0, Z^ - 20, 25, 30 and 35, i^^ = 0.25, 
m « 2.5 ram, DZO » 1 to 5» - 95 and „ 50/(50 + »^).- 

TOioro is in fpni. Standard cutters are assumed. 

The inner ard. outer radii of the face gear axu found from the 
considerations of undercutting and pointing of teeth. The method to 
find the surface durability rating is given in Section 5*5* The results 


TABLE 13 EFFECT OF THE NUMBER OF TEETH IN CUTTER ON CONTACT 

STRESS 




!♦ DZO I I 

I * I i I 2 

I * I I 

I * I STRESS I AREA I STRESS I 
I *I 2121 21 


j 

I I 

I 3 I 

I I 



AREA I STRESS I AREA I 

2 1 2 1 2 1 


I FAU I KG/MM 

-16 41.8 

-14 42,6 

-12 43.5 

-10 44,6 

- 8 45.8 

- 6 47.1 

- 4 48.5 

- 2 50.1 

0 52.1 

2 54.3 

4 57.1 

6 6 i ..2 

8 64.0 

10 68.8 


MM I KG/MM I MM I KG/MM I MM I 


3.587 46.8 3.207 49.6 3.023 
3.520 47.7 3.147 50.7 2.960 
3.455 48.7 3.078 51.7 2.899 
3.360 49.8 3.009 52.9 2.838 
3.274 51.1 2.932 54.3 2.761 

3.186 52.6 2.854 55.9 2.684 
3.094 54.3 2.761 57.7 2.599 
2.9 3 56.0 2.67 59.6 2.517 
2.880 57.7 2.599 61.9 2.423 
2.760 60.8 2.467 64.6 2.323 

2.627 63.7 2.353 67.9 2.214 
2.491 67.4 2.225 71.5 2.098 
2.342 71.7 2.091 76.1 1.971 
2.179 77.0 i .947 81.8 1.833 

1.995 89.2 1,780 89.5 
1.791 94.0 ' 1.595 99.8 
1.553 108.2 1.386 115.4 


12 

14 

16 


75.2 

83.7 

96.6 


1.677 

1.503 

1.300 



2q -AX is ( mm ) 

FIG . 16 EFFECT OF NUMBER OF TEETH UN CUTTER ON 
CONTACT ZONE ON PINION TOOTH- 

(ON-CENTER :FAC6 /BEAR; 
m = 5mm, P s 100 Kg AND ©Co 5= 20®) ■ ^ : 
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4.0 

4.0 

4.0 

4.0 


Hi 
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HPF£CT of TH£ NUHBFR tcctli 

''"abil^tMahnos ™ 


Zi/DZC 


M ASTAR 


*^P at contact 

-00 RPM RATIO 


ALFA 

DEG 


20/1 2.5 0.00 

2 

3 

4 

5 


.363 

.272 

.239 

.222 

.214 


1*73 20.8 


25/1 

2 

3 

4 

5 

30/1 

2 

3 

4 

5 

35/1 

2 

3 

4 

5 


2.5 

O.OD 

.858 

.632 

.544 

.496 

.474 

1.74 

21.1 

2.5 

0.00 

i.687 

1.224 

1.049 

1.76 

21.2 



.952 

.891 



2.5 

0 .00 

2.978 

2.138 

1.78 

21.2 


1.805 

1.620 

1.502 
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obtained are given in Table 14. The variation of sarface durability 
rating with DZO is shown in Eigure 17. 

6.8 Variation of sarface durability rating mth other independent 
design parameters. 

The mrface durability ratings of spur face gears with 
localized contacts also depend upon the following 

1 . eccentricity, a 

2. pressure angle, a 

5 . number of teeth in the pinion, 

4 . module , m . 

The variations of surface durability ratings with these 
parameters are given in Tables 15> I6, 1? and 18. The variations 
are shown in Figures 18, 19, 20 and 21. Unless specified, the inner 
and outer radii are taken to be limiting radii and contact is 
localized at mean radius of the blanks. 

6.9 Discussions and Conclusions 

The discussions and conclusions are bov^ed on the results given 
in this dissertation. Detailed results are published in reference l22] . 
The ranges of parameters covered in the report [22] are given in Appendix 

IT. 

M exaidnation of Tables 1 and 2 reveals that the face 
width of a gear tooth is sensitive to angle E between the shaft axes, 
the transmission ratio i2^ , the nonniimensLonalized oocentricity I* 
and helix angle B- For the same number of teeth in pinion, and for 



TABLE 15 VARIATION OF SURFACE OLRABILITY 


I0P 

rating with eccentricity 


112 

1.5 


2.0 


4.0 


Z1 M 

3C 2. 5 


30 2. 5 


ASTAR 


HP AT 
100 RPM 


0 .'00 
O.iO 
0.20 
0.30 
0.40 
0.50 


• 580 
.682 
.771 
.855 
.931 
1.002 


0.00 

D.IO 

0.20 

C.30 

0.40 

U.50 


.792 

.917 

1.025 

1.123 

1.210 

1.292 


1.687 

0.10 1.855 

0*20 2.006 

0.30 2.141 

0.40 2.267 

^•50 2.300 


CONTACT ALFA 

ratio deg 


1. 64 
1.59 
1.55 
1.52 
1.54 
1.48 


23.8 

24.9 
25.7 
26.4 

26.9 
27.1 


1.69 

1.64 

1.59 

1.56 

1.53 

1.51 


22.7 
23.9 

24.8 

25.6 

26.1 

26.6 


1*76 21.2 
1*'^2 22.2 
^•68 22.9 
1.65 23.5 
1.63 24.1 
1*60 24.6 


FIG. 17 VARIATION OF SURFACE DUR.ABfUTY RATING WITH 
NUMBER OF TEETH TN CUTTER. - 


(ON CENTER FACE GEAR: S = 
i.,i=.25,m =2.5mm ,oCo = 2€f AND '\y 




TABLE 16 VARIATION OF SURFACE 


112 

Z1 

H 

ASTAR 

4.0 

3i.' 

2.5 

0 . 00 

4.0 

3(: 

2.5 

O.IO 

4.0 

30 

2.5 

0.20 

4.0 

30 

2.5 

0.30 

4.0 

30 

2. 5 

0.40 

4.0 

30 

2.5 

0.50 


rM CM 


CURABILITY RATING WITH PRESSURE ANGLE 


HP AT CONTACT ALFA 

100 RPM RATIO DEG 

i«6ia 1,82 20.0 

1.748 1.72 22.0 

1.890 1.63 24.0 

2»018 1.54 26.0 

i .82 20.0 

i.846 1.72 22.0 

1.63 24.0 

2*100 1.54 26.0 

1.856 1.82 20.0 

1*960 1.72 22.0 

.078 1.63 24.0 

•181 1,54 26.0 

1*990 1,82 2C.0 

2.072 1.72 22.0 

2.171 1,63 24.0 

2.269 1.54 26.0 

2.127 1.82 20.0 

2*185 1.72 22.0 

2.262 1.63 24.0 

2.356 1.54 26.0 

2.264 1.82 20.0 

2.296 1.72 22.0 

2.353 1.63 24.0 

2.444 1.54 26.0 


att 


TABLE 17 

VARIATION OF 

f^ATING WITH THE NUMBER 
OF TEETF IN PINION 

112 

Zi 

M 

ASTAR 

HP AT 
iOO RPM 

CONTACT 

RATIO 

ALFA 

DEG 

4.0 

20 

2.5 

0 .05 

.363 

1.73 

20.8 


22 



.526 

1.74 

20.9 





.734 

1.74 

21.1 


3 ii' 



1.687 

1.76 

21.2 


36 



3.262 

1.79 

20.9 

4.C 

2C 

2.5 

O.ID 

.397 

1.69 

21.8 


22 



.575 

1.69 

21.9 


24 



.804 

1.70 

22.0 


30 



1.855 

1.72 

22.1 


36 



3.602 

1.75 

21.8 

4.0 

2i.' 

2. 5 

0.20 

.426 

1.65 

22.7 


22 



.618 

1.66 

22.8 


24 



.868 

1.66 

22.8 


3\j 



2.006 

1.68 

22.9 


36 



3.899 

1.72 

22.5 

4.0 

2.' 

2.5 

D.3D 

.451 

1.62 

23.4 


22 



.658 

1.62 

23.5 


24 



.924 

1.63 

23.6 


30 



2.141 

1.65 

23.5 


36 



4.171 

1.69 

23.1 

4.0 

20 

2. 5 

0.40 

.474 

1.59 

24.1 


22 



.695 

1.60 

24.1 


24 



.974 

1.60 

24.1 


3t' 



2.267 

1.63 

24.1 


36 



4.423 

1.66 

23.7 

4.0 

20 

2.5 

0.50 

.497 

1.57 

24.7 


22 



.728 

1.57 

24.7 


24 



1.022 

1.58 

24.7 


3ij 



2.383 

1.60 

24.6 


36 



4.655 

1.63 

24.2 



TABLE 18 VARIATION OF SURFACE DURABILITY RATING WITH MODULE 




M ASTAR 

HP AT 

CONTACT 

ALFA 

112 

zi 

iOO RPM 

RATIO 

OEG 

4.0 

20 

1.25 U«uO 

.047 

1.73 

20.8 



1.5 

.081 





2, 0 

.188 





2. 5 

.363 





3,>j 

.620 





4. j 

i * 43 8 




4.0 20 1.25 0.10 

1.5 
2.0 

2.5 
3.0 
4 * 


4.0 

20 ■ 

1.25 

0.20 

.055 

1.65 

22.7 



1.5 


.095 





2. 0 


.221 





2.5 


.426 





3.0 


.727 





4.0 


*,688 



4.0 

20 

1.25 

a.3D 

.059 

1.62 

23.4 



1.5 


.100 





2.U 


.234 





2.5 


.451 





3* il 


.770 





4.0 


i.789 



4.0 

20 

1.25 

U.40 

.062 

1.59 

24.1 



1.5 


.105 





2.0 


.246 





2. 5 


.474 





3.0 


.810 





4.0 


1.881 



4.0 

2i': 

1.25 

0.50 

.065 

1.57 

24.7 



1.5 


.111 





2.0 


.258 





2.5 


.477 





3.0 


.849 





4. U 


1.971 




•052 1.69 21.8 

.088 
.206 
.397 
.678 
1.573 
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ECGENTRICfTY (ai2i ) 


FIG. 18 VARIATION OF SURFACE DURABILITY RATING, CONTACT 
RATIO . AND PRESSURE ANGLE WITH ECCENTRICITY • 

' , (OFF-SET ; FACE ■ G.EAR v % ?= -O®,, Z't - TOT, i2t *|5 > 

m !s; 24 ^ lOO')-.. ,, 




SURFACE DURABtLiTY RATING ( PS) 



>>1 
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SURFACE DURABILITY ROTING (PS) 



modules 


Fie^2l VARIAXIONiOl 
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the arxui tmuraission ratio and module, the face width is mininum 
whuj! r « yO fl that is, for_faoe geaxs. The face width increases 

wh».r* t doviatoa froia yO degrees. It "becomes infinite at values 
f: n WO OT T. m 0 &i>gTOQ, Thess two cases correspond to 

the* uxtenr l :.d si\ir gears respectively. The face width 

dooroatvin wiih incroace in the transmission ratio. This decrease 
In li; s?n pW'mi.wnt nt hir;hcr transmission ratios. With aa inoreaise 
of the thu faco v.idth decreases. An interesting result is 

that !‘or n pnrtioular trmsmission ratio and module, the face width 
doer not change appreciably when the number of teeth in a pinion are 
ohfmgt;d. For on-centor face gears, the face width of gears, measured 
rauiully duoroasos with an increase of the helix angle. 

In hypoid tapered gears, the blank shape for maximum utilization 
of r»nrfitu3e of action is a curved surface. Pace width and other 
charao tori sties depend upon the size and shape of the gear blank. In 
tJio prenunt diosortation a method is given to find a suitable conical 
ttirf.'use for a gear blank [Section 2.?] . In the absence of any 
aoooptod standard, ohoioo is made of blank shape lidiioh is easy to 
m,TOrMtu» nnd oontrol. A need for further stadiee in tMs direction 
l!i felt to hiwi) h standardized practice for the selection of the 
shape of a gear blank. 

Tho pxesaaro rxiglo on the pitch airface of tapered gears 
varies along the frico. It is minimum at the small end of the blank 
cono and is maximum at the large end. In face gears, if the computed 

to be reduced, it is suggested that most 


face width is large and has 
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in thu (B20) the area of contact zone aeoneaeee. 

rnio in lo»er airtace duralility ratin* .ith hi^er vahea of 

! i,oir.: 17I . Tho olfect of II2D on gear tooth may he oonsiderei 
t.. I>.' oor... -.ort of 'crowning' of the tooth, for m optimm iod 
c- nr.city, incorpratiuf; rjorao crowning effect, DZO should he one. 
.ii-.nilrtr remit w.-u? also suggested hy Francis and Silvagi [2] . 

In iii«- present work, it is found that the pressure angle (a), 
the hl irr.'f.mc.' in numbora of teeth in cutter ani pinion (DZO) are the 
two ftlditioual coiivunii..nt parameters to specify a face gear. The 
toiuwludg.! of a and MO give the location of contact and the amount 
of cj..rreiction to be applied while generating the pinion. Once these 
too ."..rf! iipucified, the contact ratio, curvature and surface durability 
rating onn bo computed. For the specification of spur face gears, 
thu following information should be available 

i) Number of teeth of the involute pinion (z^) 

ii) Transmission ratio ( 121 ) 

iii) Off -sot (a) 

iv) Pressure angle of the cutter («^) 

v) Pressure angle («) 

vl) Difforonoe in number of toeth of cutter and pinion (DZO). 

ITie Ciffeot of cunttxot localization on the contact ratio is 
shown in Fi^rurc 22. The contact ratio is determined by the blank, 
sizos of pinion nnd gear and the line of action. These change with 
tho ooitaot localization. Consequently, the contact ratio is affected. 
It is observed that when contact is localized so as to have more 


20 




"lG-22 


' '2a 2 4 

pmssu RE angle ^ (deg ) 

: variation oontact';, ratio: with 

(On - ceNter'/Eacc • '#aR j'i* w 
^D20,*1 Am oy^20°), 
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f nvi-urrl'l*- ocmtnct conditions, the contact ratio decreases! hot the 
not V'ffcct is an incroase in the surface durability rating. 

To find the 'Surface durability ratings of thb face gears, in 
moot of the cases the conditions are considered to he critical on the 
pitch surface 1.29 ] . This forms the basis for evaluation of 
aurfnee durnbility ratings. The critical contact conditions are 
contddorod to correspond to the contact point where the contact stress 
for oinglf.! pair contejct is niaximum. It is observed that this point 
generally lies near th(5 pitch surface. For some contact localization, 
this critical point may also lie on the pitch surface. 

The dynamic loads on face gears con, theoretically, he evaluated 
by solving tho differential equation of motion, considering varying 
system stiffness and damping factors. It is an involved task. In the 
present dissertation, the dynamic load factors for a face gear set is 
taken to be equal to that of hobbed or shaped spur gears 114] » 

Table 6 has been prepared based on the above assumption and presented 
in the similair form as Table 15-9 in reference [14] • i® seen from 
thccG tATO tables that the surface durability ratings are not exactly 
tho . In Tabic 6, the dyn,omic load factor is taken as mentioned 

earlier, S = 1.55000 Ib/in^ and all other factors in equation (5.86) 

£10 

nr^ assumed to be unity. Iis the table in reference [14] does not 
specify all thecse .C,-.ictors, so, strictly speaking, these two tables 

cm not bo coinporod. 


It U seen from Wsoxe 18 that the amount of off-set affects 
the aarfooo iurahility ratings. The same oonolnsion was drajm in 
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rcforcmou I.Wj from a different point of view. IJhese results have 
Ku;n contrfidiotod by Coleman [29 j . He has reported that an increase 
in pinion off-sot leads to a decrease in load carrying capacity, 
Colemnn jirrivod at this conclusion considering the effect of off-set 
on BOoring, In the present work, load capacity is found considering 
ro si stance of the surface to pitting. 



APPENDIX I 


TRANSPORMTION EAIRICES 


Miu vector <, , given in ^ co-ordinate system is transformed 

^ I 

" 9ii 

to Og co-ordinate eystoi using the expression of the following type. 



1.1 


vrfiere, a , 3 are indices of co-ordinate systems and Qg^l4^4] is the 
transformation matrix for the co-ordinate systems. 

V 

Ihe following are the transformation matrices for the co- 
ordinate system used in this work [KLgure 1 ] . 


0*1 

- S*1 

0 

0 

S*i 

C 4^ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


1.2 


St 


Q-^ 




1.3 


^2f 


1 

0 

0 

L° 


0 
0 I 

s i: 
0 


0 

-si: 

Gi: 

0 


a 

0 

0 

1 


1.4 


1 


Here, the vectors are [3^1] matrices. 



i 3 r 


C ^2 

S.^2 

0 

0 

-S <i>2 

C ^2 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 


1.5 


and 


Q 21 


CC(i)iC4)2+CZS(;)jS62) , C-S(J)iC(J)2+CSC(;)jS(i.2) > C-SZS<<>2) , C aCi<)2) 
C-C(})jS(!)2+CES(f)jC(^2) » ( S<;)iS(^2+CEC(j)jC(J2) , C~SlCi>2) , C-aS<^2^ 


(SES-Jii) 


CszC(?t3 


CCI) , 0 


0 


5 


0 


0 , 1 



APPENDIX II 


COHDITIOir OP UIDERCUTTINO OP GEAR 0X3OTH 


Undercutting of the space mesh is due to the appearance of 
singular (cuspoidal) points on the surface of tooth during its 
generation. The fact that the surface generated by the cutting 
edge at the tip of the cutter cuts off some working portion of the 
tooth surface explains the iindercutting of the space mesh. 
Undercutting leads to weaker teeth and the curyatures of the surfaces 
near the singular points have the values unfavorable from the point 
of view of contact stress. Therefore, the surfaces and I 2 
should be limited so that the singular points are excluded. 

The condition for undercutting of tooth generated by single 
parametric generation is given by IdtvLn [8 ] . The brief 
description of the development of condition for undercutting is 
given here for our direct reference, 

It has been found in Idtvin's work that for cuspoidal points 
the following condition holds good. 

V . = 0, i = 1 ,2 n.i 

~ri ' 

where, Y is the velocity of the contact point when it is moving 
' ~ri 

on surface . This condition was used to locate cuspoidal 
points on the tooth surface. Direct use of the criterion Y^= 0 
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for eliminating the cuspoidal points of contact of the surface ^2 

is not always adrantageous because surface I 2 expjressed in 

a complex form. Ihe velocities of motion, 1 . and Y ^ of the 

’ ^r1 *«-r2 

contact point along surfaces .1^ and ^2 7 respectively, are 
related by the fbllowing 

V „ = V , + II. 2 

~r2 "rl -vl 


3% d0, 3r, 

\*ere T . = -Ili -A + _ ^ II. 3 

30]( dt 3\ dt 


It is -assumed that these vectors are expressed in the co-ordinate 
system . Equation (II. 2 ) gives three scalar equations: 


Y 


.12 


Y 


,12 


Si_ = _ll_ = 


Y 


.12 

z1 


xrl 


V 


yri 


zrl 




II.4 


Out of these equations, only two are independent, as 


12 12 
. 1.1 = Y.j . 0 -(velocity vectors Y^^ and Y.| lie 

on the tangent plane) 

The equation of contact, 

= 0 , ■ ^^*5 

is an identity fbr all -values of bi • differentiating one 

gets, 

H ^+liA:+iL-!^i=0. II‘6 

90J^ * dt n dt 9^1 dt 
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Equatiotis (ll,4) and ( 11 . 6 ) contain the following three independent 
equations. 


9£ 

4 

CD 

3f dX 

D£ '^‘^1 


dt 

3X dt 

3^)1 dt 

. 

xl 

. !!l 

SR , „ 

^ X dX 

= - 

xl 

3%' 

dt 

3X ' dt 


■je^ 


- 

zl 

30k 

' dt * 

3X dt 


II. 7 


As the system of equations is consistent the following condition 


must hold good. 


clot 


3f 

3f ^ 

db^ 

« A 

30k 

3X 

dt 



12 

a0k 

3X 

\l 


3P-Z1 

,,12 

30k 

DX 

'zl 

1 

equation is called the 


=r O 


c,an also bo written as 


Equations^ (ll.5) and (II. 9 ) define the relation between the 
parameters of the surface, 9j^ and X , at the cuspoidal points 
of contact on the surface z., ♦ 


APPMDIX III 


PRINCIPAL CUEVA TORES AND DIRECTION ON THE OENEBATED SUREAGE 


Spatial gearing with intersecting and offset axes are 
considered in this appendix. It is assumed that the first 
derivative of the velocity ratio (transmission ratio) is equal to 
zero, in the contact point locality. The equations, connecting 
principal curvatures and principal directions of the teeth surfaces 
are obtained. These equations have been derived earlier by 
Litvin [17 ] • 


Consider two surfaces and ^2 ^ contact at a point, 
let ij and i^^ be the unit vectors along principal directions 
and Xj ^<3, Xjj be the principal curvatures of the surface at 
the contact point. The i^^^ and i^^ are the unit vectors along 
the principal directions and X-jj-j- an<d Xjy principal 

curvatures of the surface is the angle between the vectors 

i^ and i^^^ [Figure 12b] . 

It can be proved that the following cqtiations hold good 
at the contact point [17] 



<■» 

r.i2 


^2’ " 32’ ®i • 

~l 

i: = 

- -1 -2 d 

Ro • © = ^ 9 — 



i ~ dt 



7^12 


-yX 

V + V 
~x 



“.12, 


III.1 


III. 2 


III. 3 
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and 


2r = 2^ + !?12 !l 




.12 


^ tlV !i > 1^1 ^ ^ 2i2* !P = « 


III 4 
III. 5 


Here, all vectors are assumed to te in fixed co-ordinate system S.^ . 

Tho vectors in equations (ill. 5) and (ill .4), when resolved along the 
directions i^ aM ijj» give rise to following expressions [Figure 12h] . 


-2 -2 .2 

= V Co - V So 
3:1 rlll rIV 

-2 -2 -2 

V ^ = V So + Co 

rll rlll ^ rIV 

ie -2 ~2 

0 " = C Co - e Tir 

rl rlll rIV 


12 ~2 -2 
e = e "^. r ,, So r e ''-,. Co 
xll rIV rIV 


Along the principal directions the following equations hold good 
(Rodrigue's formula) [24] . 


i®. = v”. m = 1 Ci = I, II)» ni = 2 (i = III, IV) III4 

After transformation end simplification, a system of linear equations 
of tlie follovdng type is obtained. 


'*'11 ^12 \ll ' 


^11 "^rl ^ ^12 "^rll 


®31 "^rll ^52 ^rll “ ^3 


III .7 


whore 
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^ Xj + if + Xj^ + - x^) 008 20)] 

0,2 “ '"^ii = i (Xjjj - X^) sin 20 


^'^2 “ " Xii + i- [ ^jjj + - X ) cos 2a] 


r7l2 


^1 “ ?12’ iiP -Xx^i 


^2 “ ^fr ~12’ in) " ^II 


.-12 

II 


■bo = 


^ ■ '■fr i?i2’ ii'' + ’Vr ■*■ Kii " 2'’’ 


- * (*III - hj) 2" 

5i 2’ sin 2 ct} - 

- T ^JI ( (Xj.j.j + Xjy) - (Xj^j. - Xj^) oos 2ff} 

si • ®2 >- 5 - X f,) 

a, X I, and =52 X 5, + A xSj- 


To^ = 


V = 


'flhen the contact is in a line, the system of linear equations must hold 
goal for the different directions of 7^. The system mast "be consistent 
■but the values of end 7,^^^ are not unique. This is possible if the 
rank of the matrix, 


b. 


“11 “12 1 

^1 ®22 \ 

a^l a^2 '*^5 


is equal to 1 . 
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It follows, therefore, that 


fll - "*^1 

'^1 '^2 \ 

III .8 

fgj _ \ 

^31 V ^3 

III. 9 

Since a ^2 “ above equations 


®21 " ^2 ^2 \ 

111,10 

^1 " ^5 

III. 11 

Prom ©quations (lll,10) on© can got only two indopendent equationsj 

because 


■h - o -12 

bi - 0^^ -V^ -Yjj a^2 

III. 12 


\ = •'■1^2 " ^12 “ ^22 III. 15 

Ilsiiig aquation (ill. 11 ) and the relation 


111 


!12 

^22 ^2 


one gets three eauations for the deteiminafcion of Xt-t-tj Xttt a 

/>.JY .. 

of the following form 


tan 2 a 


2F 


^I “ ^II ® 


^III ^ “ ^I ^II ® 


III. 14 


III. 15 



143 


X ■ V ■ 

III iJ cos 2a 


where, 


"^31 ^32 


F = 


^ ^ -^2 


G = 


S = 


.2 2 
!il_Zj22 


b^ + if 03^ + if 332 

Ji 4 

b3 + if 33^ + if a32 


111,16 


Appendix IV 


RANGES OP PARAMETERS 


In this appendix, the ranges of parameters for which results 
have been obtained in the report [22] are given. In that report 
following parameters are assumed constant, 

pressure angle of the cutter, oe^ - 20°, 
addendum factor , f ^ - 1 , 

radial clearance factor , c^ - 0.25, 
correction factor of cutter , 5^ - 0. 

The following table shows the ranges of the pai^eter. 


Type 

Pheno- 



' 

Ranges 








of 

gear 

mena 

S 



e 



^12 


A* 



"l 



min max step min 

mx 

step min 

max step min max 

step min max step 

Tapered 

under- 

cutt- 105°165° 
ing 

15° 

0° 

25° 

5° 

1 

10 1 

0 

.50 

.05 

17 

30 

1 

Point- 
ing 105°135° 

15° 

0° 

25° 

5° 

1 

10 1 

0 

.50 

.05 

17 

30 

1 


under- 

cutt- 90° 90° 
ing 

- 

0 

25 

5° 

1 

10 1 

0 

.5 

.05 

17 

30 

1 

Pace 

Point- 
ing 90° 90° 

- 

0 

25 

5° 

1 

10 1 

0 

.5 

.05 

17 

30 

1 


The report also covers the intermediate results of calculations 
of surface durability rating, contact stress contact zone and effect of 
independent design parameters on surface durability ratings. 
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